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Abstract. The Advanced LOwer Hybrid Antenna Code (ALOHA) code, has been developed
to improve the modeling of the coupling of lower hybrid (LH) waves from the antenna to a cold
inhomogeneous plasma while keeping a fast tool. In contrast to the previous code SWAN (that
only described the interaction of the slow wave between the waveguides and the plasma in a
1D model), the equations are now solved in 2D including the contribution of both the slow and
fast waves, with a low computational cost. This approach is completed either by a full-wave
computation of the antenna that takes into account its detailed geometry or by a mode-matching
code dedicated to multijunctions modeling, which is convenient in preliminary design phases.
Moreover, ALOHA can treat more realistic scrape-off layers in front of the antenna, by using a
two-layer electron density profile. The ALOHA code has been compared with experimental results
from Tore Supra LH antennas of different geometries, as well as benchmarked against other LH
coupling codes, with very good results. Once validated, ALOHA has been used as a support for
the design of COMPASS and ITER LLH antennas and has shown to be a fast and reliable tool for
LH antenna design.

Keywords: ALOHA, Lower Hybrid, Coupling code, Current Drive, Grill, Multijunction, PAM,
Linear LH coupling theory
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1. Introduction

Lower Hybrid (LH) waves have been known for years to be an efficient way to drive current in
Tokamaks since the LH waves interact strongly with electrons via Landau damping. This feature
is well-suited to address long pulses issues, to save magnetic flux during the current ramp-up phase
or for steady-state and hybrid scenarios [1]. Thus, LH Current Drive (LH-CD) is a key element
of a large number of experiments (JET, Alcator C-Mod, FTU, HT-7, Tore Supra) and is planned
to be integrated on recent devices (COMPASS, EAST, KSTAR, SST1). In ITER, LH-CD is due
to be commissioned and used for the Q=5 steady-state and efficient off-axis CD [2]. However, the
LH coupling depends on the edge plasma conditions and a weaker coupling may modify the electric
field pattern of the launched wave and therefore affect the CD efficiency.

Up to now, most of the theoretical work has been focused on plasma coupling properties of
the antenna based on a description complying with the linear theory [3, 4]. Best known linear
coupling codes used to design present operating antennas are Slow Wave ANtenna (SWAN) [5, 6]
or GRILL3D [7]. In these codes, the toroidal lines of waveguides are assumed to be infinite in the
poloidal direction and are described using a modal expansion. The modal description of the field
makes possible to simulate large antennas with a moderate computing cost but the code cannot
handle realistic geometry.

More recently, Torino Politecnico Lower Hybrid Antenna (TOPLHA)[8, 9], a boundary element
code in which the antenna is discretized using linear vector functions defined over a triangular
surface mesh, has been developed to address the problem of LH wave coupling including the toroidal
curvature of the plasma and the realistic shape of the antenna. Some finite elements method (FEM)
commercial RF software [10] are now able to treat materials with generic temporally-dispersive
dielectric tensors. This leaves absolute freedom in the description of the antenna geometry and of
the plasma within the collisional cold plasma approximation[11]. In particular, the FEM approach
permits spatial variations of any given quantity allowing for example to specify realistic magnetic
equilibrium, arbitrary density profiles, poloidal and toroidal asymmetries, density fluctuations,
etc. However, taking into account realistic meshes in a large antenna increases drastically the
computation time or the required computational power. This latter point is inconsistent with
intensive use, for example in daily experiments when one has to evaluate the effect of modules
tripping on the radiated spectrum or during antenna design stage, where many calculations may be
expected. In order to interpret and improve present day experiments and to design future antennas,
advanced but fast and convenient modeling tools are required.

In order to improve the antenna-plasma coupling description of SWAN code while keeping
its low computational cost, a code named Advanced LOwer Hybrid Antenna (ALOHA) has been
developed. In ALOHA, LH antennas may be modeled by any RF commercial software or homemade
code, in order to take into account exact RF properties of the structure. For optimization process,
ALOHA also provides a plug-in named HAMAC (Hybrid Antenna Modeling for the ALOHA Code),
which purpose is to compute the RF properties of a multijunction antenna using a mode-matching
technique. The plasma coupling is calculated from a fast classical 1D modeling that describes the
effect of the slow wave only[12] or from a more advanced 2D modeling that implies the contribution
of both fast and slow waves[3, 4, 7]. These calculations are based on the linear cold plasma theory
and non-linear effects, such as thermal effects (“warm” dielectric tensor) and ponderomotive force
have not been taken into account in the present analysis. However, some specific developments have
been brought in one hand, to describe a more realistic electron density profiles taking into account
the close environment of LH antennas and in the other hand, to avoid computational difficulties
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when the antenna is large. These assumptions let ALOHA to solve a case in a couple of seconds
up to 2 hours on a desktop computer, depending on the number of waveguides of the antenna
and the plasma model chosen. By comparison, finite element formulations require high-end or
super-computers to be solved.

This paper is divided in 4 sections. In Sec.2, the key elements of the linear coupling theory
are recalled and some ALOHA specificities are detailed, such as the use of generalized scattering
matrix use, the 2D grill modeling and the two electron density gradients profile. In order to show
the interest of the ALOHA code, Sec.3 is devoted to experimental comparisons and simulation
benchmarks on Tore Supra antennas. Some new LH antenna designs which have been realized
using ALOHA for the COMPASS tokamak and for ITER are given in Sec.4. A discussion on the
ALOHA integration to the EFDA Integrated Tokamak Modeling Task Force (ITM-TF) is given
into the conclusion.

2. Main assumptions

2.1. Network description

The antenna of present experiments (JET, Alcator C-Mod, FTU, HT-7, Tore Supra, etc.) are
designed to launch an asymmetric parallel wavenumber spectrum where most of the power is
generated at a low parallel refractive index |n”| =~ 2. This is usually achieved by phasing the
forward waves in waveguides which are stacked along the static magnetic field. This phasing can

be obtained externally in the transmission line feeding of the antenna [13, 14, 15] or directly inside
the antenna when E-plane power dividers — usually called “multijunction” [6] — are associated with
built-in phase shifters[16, 17, 18]. In this paper, the term “module” refers to the unit of the antenna

composed of one “input” waveguide fed by the power source and one or several “output” waveguides
facing the plasma, and the “grill” refers to the plane containing all the open ended waveguides of the
antenna. A complete LH antenna can be made of many different modules, stacked in the toroidal
or poloidal directions. A simple example is depicted in figure 1.

In the ALOHA code, the plasma coupling of a LH grill antenna is split in two parts: the
modeling of the modules and the modeling of the grill in front of the plasma.

Firstly, the electromagnetic characterization of a module is obtained using some RF software
or code, which results in the calculation of the scattering matrix of a module S, q,]e in Which
only the propagating modes are taken into account. This matrix quantifies the coupling between
all inputs and outputs of the RF structure[19].

Secondly, the coupling to the plasma of all the output waveguides that compose the grill is
considered. At this stage, evanescent modes excited at the end of the waveguides are also taken
in account. Thus, the grill is characterized by a N-port network where N = Nwg X Ny deg 18
the number of ports, Nwg the total number of output waveguides and N, the number of

modes
electromagnetic modes in each waveguide. A scattering matrix S of dimensions N x N

grill /plasma
is then derived using the approach detailed in Section 2.3: this matrix quantifies the coupling

between the different ports. In such a modeling, each mode is associated to a port [20]; a port can
coincide either with the principal mode that propagate inside an output waveguide or with a higher
order mode excited at the end of an output waveguide.

Finally, following the well known network approach, both modeling are combined: the ports
in the scattering matrices S, qyle and Sgrill /plasma that correspond to the same mode in a

waveguide are identified and the global response of the antenna can then be extracted and directly
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compared to experimental data.

For a better understanding, let us consider the example of the antenna shown in figure 1.
It is composed of one toroidal line of waveguides shared into two modules. Each module is a
multijunction in which a large input feeding waveguide is split into four smaller output waveguides;
the output waveguides are said to be active waveguides since they are connected to the input
waveguide inside the module. The modules are separated by a short circuited waveguide; this
waveguide is isolated and consequently is said to be passive. Moreover, there is also one passive
waveguide on each side of the antenna. Each module is characterized by a scattering matrix

Smodule1 a4 Siodule2:

—_—

module
/

B, 4

passive
4~ waveguide

N\

yY

plasma grill

Figure 1. A typical LH (multijunction) antenna structure. In this example, the antenna is
made of two multijunction modules stacked in the toroidal (z) direction. One passive waveguide
is inserted between both modules and on each side of the antenna.

Suppose that, in front of the plasma, two modes are excited inside the output waveguides: the
principal mode TE;y and the evanescent mode TM;j;. The network modeling of this problem is
given in figure 2. In that representation, a port in a N-port network is described by a terminal.
Thus, each of both modules is characterized by a 5-port network (1input waveguide x 1mode +
4 active waveguides x 1mode) and the coupling of the grill with the plasma is modeled by a 22-port
network (8 active waveguides x 2modes + 3 passive waveguides x 2modes). The terminals in the
22-port network that coincide with the principal mode of the active waveguides in the modules
are connected to the corresponding terminals in the 5-port network. The terminals in the 22-port
network that coincide with the principal mode of the passive waveguides are shunt on a piece of
transmission line ended by a short-circuit to model the reflection of the wave. The terminals in
the 22-port network that coincide with the evanescent modes are shunt on the imaginary mode
impedance of the output waveguide, which is equivalent to consider that those modes carry reactive
energy in a waveguide of infinite length. Finally, the antenna reduces to a 2-port network in which
the ports correspond to the input feeding waveguide of both modules and the global scattering
matrix of the antenna is a 2 X 2 matrix (Saccess). This formalism allows the code to fully take into
account the coupling of the modes in the waveguides.

2.2. Module modeling

Lower Hybrid experiments show that the coupling efficiency not only depends on the plasma
configuration but also on the antenna structure. Antennas are often designed in order to minimize
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Figure 2. Illustration of the modeling of the antenna described in figure 1 using the N-port
concept.

the reflected power from the plasma to the RF sources, thus limiting the need of complex and
expensive klystron protection systems. Multijunction concept is frequently used in tokamaks in
order to create large waveguide arrays. The necessary phase shifts between adjacent waveguides
used to launch non-symmetrical parallel wavenumber spectrum is usually obtained in the design
by adjusting the relative guide heights[21]. These built-in phase shifters create multiple passages
of the waves through the structure, which lead to a reduction of the reflected power to the RF
sources as well as an increase of the electric field strength or an increase of secondary peaks in the
radiated power spectrum. Thus, the RF design of such antennas is less straight-forward than simple
open-ended waveguides and an accurate RF characterization is required to analyze the experimental
data.
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The coupling efficiency requires the measurement of the forward and reflected electric fields
in all waveguides which in principle can be done but requires the installation under vacuum of
a very large number of probes[22, 23]. For an easier maintenance of the RF system, the use of
a single bi-directional coupler at the module input in the pressurized transmission line is usually
preferred. With this scheme, the electric field map at the plasma-antenna interface, needed to
compute the launched parallel index n, is only accessible by computation. In order to directly
compare theoretical coupling predictions to experimental RF measurements, the RF description of
each module have to be considered incorporating all the RF components in line from the plasma
up to the RF probes location. Thus, the realistic wave propagation inside each module, through
multijunctions and power splitters (such as hybrid junctions, magic tees or mode converters) has
to be taken into account.

Commercial RF softwares, for example ANSYS-Ansoft HFSS or CST Studio, are convenient
tools to design and optimize such components. In ALOHA, the scattering matrix calculated by
these codes that describe the modules of the antenna can be directly used as input. Moreover, the
HAMAC (Hybrid Antenna Modeling for the ALOHA Code) code has been developed as a plug-in
to ALOHA for the design and optimization of simple multijunctions which may not required the
use of such complex and advanced software.

In HAMAQC, the electromagnetic field is described as a sum of propagative and evanescent
modes. Junctions between interior elements such as bi-junction, width and height reductions
for phase shifters (E/H-plane discontinuities) or tapers are calculated using a mode-matching
technique[20, §8.2]. This technique consists in expressing the continuity of transverse fields at the
interface between two waveguides of different cross-section, and uses the orthogonality properties of
modes to build and then solve a linear system[24]. The matching between all the elements composing
the complete antenna is made using the standard network analysis (see for instance review paper
[25]). As a result, the HAMAC plug-in calculates the scattering matrix of a multijunction module.
The HAMAC use is illustrated in Sec.4.1 with the example of some designs trials for a new
COMPASS LH antenna.

Once the antenna’s module scattering matrices calculated (S, ,qyle)s they are used as input
for ALOHA to simulate the coupling between the modules and the plasma, as explained in the next
sections.

2.8. Grill-plasma modeling

2.8.1. Plasma description Lets consider the geometry shown in figure 1. The static magnetic field
By is assumed to be in the z direction and vary as well as the plasma density in x direction. This
hypothesis is specifically valid for large tokamak such as ITER or tokamak with high aspect ratio
in which the angle between the magnetic field and the narrow waveguide is small. The interface
between waveguides and plasma is set at x = 0. The plasma is considered homogeneous in y and
z directions. The electromagnetic field scattered by the antenna is supposed to be dissipated far
away from the coupling region so that the coupling problem is treated as a problem of radiation in
a semi-infinite medium independently of the absorption in the core plasma. In such a modeling, the
propagation into the plasma core is not calculated, meaning that effects such as mode conversion
are not taken into account. From Maxwell’s equations, the electromagnetic field in the absence of
source satisfies the vector wave equation in the +jwt time harmonic convention:

E(r)

(V x Vx—kjK:) H(r)

=0 (1)
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where E and H are the electric and magnetic fields, r = 2X+y¥y + 22 is the space vector coordinates
and ko = ¢ the free-space wavenumber. In the vicinity of the grill, the plasma is described by its

(normalized) cold dielectric tensor K which is given, following Stix notation[26, 27], by:
S D 0
Kz,w)=| —jD S 0 (2)
0 0o P

where parameters S, D and P which depend on radial position z and wave frequency, are defined
by:

w. S
Sw) =1-3 0 ®)
Qci OJ2 s
D(w,w)= > o _‘”’QQ (4)
w2 s
P(z,w) =1— ﬁ (5)

S

where w, Q.5 and w,; are respectively the RF source, the cyclotron and the plasma angular
frequencies of the species s.

2.3.2. Grill description The transverse (perpendicular to the x direction) electromagnetic field
Et,g[‘ﬂl’ Ht,grill at the end of the output waveguides, i.e. in the x = 0 grill plane, can be expanded
as a series of excited modes:

E, grlll(x =0,y,2) = VZp (an +bn) ern(y, 2) (6)

zuMz

Ht,grm@:&y,z)—z }( by hen(y,2) @)

where e¢ ,,, hy , are the TE or TM modal functions (explicitly given in reference. [20]) associated to
the port n and Z,, the impedance of the port n for the current mode. The coefficients a,, and b,, are
the incident and reflected power waves associated to the port n. We recall that N = Nwg X Ny, des
is the total number of ports, Nwg being the total number of waveguides and Ny, jeg the number of
modes in each waveguide. Since the analytical expression of the modes function e; ,,, h; ,, are known,

the transverse fields can be analytically expressed in the spectral domain by Fourier transform:

E 1 ny,nz an+b )et,n (nyanz) (8)

t,gril

ZHMZ

I:I ) lNlt,n (nyanz) (9)

t,grill (ny,mz)

where €, , and flt’n are the Fourier transform of the modal functions e; ,,, h; ,, and n, = k,/kq and
n, = k. /ko are the refractive indexes in y and z directions respectively. These latter expressions
will be used for the coupling calculation in the next section.
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2.3.8. Coupling from grill to plasma Following the classical linear-coupling regime [3, 4], the
characterization of the plasma medium can be reduced to a spectral surface admittance Yg defined
on the plane that separates the grill from the plasma region:

=Yy Ys (ny,n.)E (10)

H, plasma (ny,n2) ¢,plasma (ny, n2)

where ﬁt,plasma (ny,n.) and Et,plasma (ny,n.) are the Fourier transforms of the transverse

magnetic Ht,plasma(x = 0,y,2) and electric fields Euplasma(x = 0,y,2). Yo is the vacuum
admittance. The plasma surface admittance Y, which is discussed in Sec.2.3.5, is generally a
2 x 2 complex matrix.

The waveguides of the grill are supposed to be opened through a perfect metallic surface of
infinite extent. Due to the continuity of the transverse electric field in the waveguide openings and

no tangent electric field on the perfect metallic surface, the transverse magnetic field H, plasma

can be expressed using the surface admittance Y, defined in (10) and the expansion of the electric
field E, grill given in (8). Thus,

H (ny,mz) an+b Y YoY (ny,n2) €. (g, 122) (11)

t,plasma

uMz

Let ﬁt,metal (ny,n.) be the transverse magnetic field related to the current induced on the
perfect metallic surface of infinite extent. Due to the continuity between transverse magnetic field
in the waveguide openings, one finds from the expansion of the magnetic field in the grill (9) and
in the plasma (11) the following equality:

N
1 - .
> (an = bn) By (ny,12) +H, agal (ny,m2) = (12)

n=1

N

Z\/ (an + b)) YoYs (ny,nz) &1 (g, )

The mode matching method is then applied [28]: a linear system is obtained by dot product
multiplying both sides of (12) with flfm (ny,n.) form =1,..., N and integrating over the spectral
domain {n,,n.} of infinite extent. Moreover, by multiplying both sides by kZ /472, the left hand
side of the equation can be transposed in the spatial domain {y, z} thanks to Parseval’s theorem:

ﬁ: U /+OO ) hen (y,2) dydz (13)

/ Ht,metal (y,2) dydz| =

N

Zfan—f—b

where the coupling admittance term C,,, is given by:

+<>o ~
// m (Mg, 12) Y (ny,n2) € (g, m2) dny dn, (14)
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Since the modal function hy ., is zero on a perfect metallic plane, the term involving H, 1 t41
cancels. The orthonormal properties of the modal eigenfunctions[29, 20] leads to:
1 N
(am — b)) = Zn (apn, + by) Con, Vvm=1,..., N (15)
v 2V

The linear system of equation.(15) can be rewritten using a matrix formalism:
-1
VZ  (a—b)=CVZ(a+Db) (16)

where v/Z is diagonal matrix with [\/Z} = +/Z; and C is the coupling admittance matrix with
(23

[C];; = Ci;. a and b are respectively the incident and reflected waves vectors associated to the port

i, such as [a], = a; and [b], = b;. The scattering matrix S discussed in Section 2.1 is

i grill /plasma
defined by

b=5S (17)

grill /plasma?
Finally, using (16), one finds:

S (11 + \/Z(C\/Z) B (H . \/Zc\/i) (18)

grill /plasma —

where I is the unit matrix.

2.8.4. Antenna power spectrum An important feature of LH antennas is the radiated power
spectral density dp that can be computed from the Poynting vector:

dp (ny,nz) :%{fi [E (ny,nz) x H* (ny,n2) ﬂ} (19)

According to previous equations, this power density can be evaluated once the power waves a, b for
each waveguides have been calculated. In order to compare 1D and 2D modeling, it is possible to
define a 1D spectrum dp, that integrates the contribution of all the n, for a given n,:

+oo
dp, (n.) = / dp (ny,n.) dn, (20)

— 00

Finally, the power conservation must imply that, neglecting the RF losses in the antenna:

+o0 Nmodule
// dp (ny,n.) dnydn, = Z Ppin (1 — RCy) (21)
-0 n=1

where p,_ ;;, and RC,, are respectively the power incoming from an RF source and the Reflection
Coefficient for the n-th module.
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2.8.5. Plasma surface admittance The plasma surface admittance defined in equation.(10) can
be evaluated either numerically or analytically depending on the hypothesis made on the wave
propagation plasma and on the density profile[3, 4]. In ALOHA, two kinds of wave propagation
models have been implemented.

In the first one, the so-called ALOHA-2D mode — 2D because the plasma parameters depend
on two coordinates, namely n, and n, — waveguides cross-section are considered finite in both
dimensions and both TE and TM modes are taken into account. In this case, the plasma admittance
matrix can either be evaluated numerically [7] or analytically for linear density evolution in terms
of Airy and Whittaker functions[3, 4]. A brief derivation of the 2D admittance matrix is given in
Appendix A. A numerical evaluation of the 2D admittance is also implemented in ALOHA using
the finite element method. The radial domain z is discretized in sub-domains where the field is
expanded on second-order polynomials. Using the Galerkin method and setting a WKB condition
at the end of the domain, an algebraic system is obtained and solved using a Gaussian elimination.

In the second model, the so-called ALOHA-1D mode, the fast wave coupling is neglected and
the waveguide height is considered to be infinite in the poloidal y-direction (i.e. n, = 0). In this
case, only the TEM and TM modes are excited and the plasma admittance reduces to a scalar
that can be expressed analytically in terms of Airy functions for step or linear electron density
profiles[12]. A brief derivation of its expression is also given in Appendix A.

A priori, the 1D description of the plasma should not match with the description of the modules
since the waveguides have 2D cross-section. However, the scattering matrix formalism characterizes
RF structures in terms of incident and reflected power waves in a port and not in terms of electric or
magnetic fields. Incident and reflected power waves are only described by the electromagnetic power
they carry and a phase, normalized to a port impedance[19]. Thus, the network concept presented
in section 2.1 allows to combine ports with different geometries. In ALOHA, rectangular waveguide
modes are characterized by their transverse components both in y and z directions. Since in parallel
plate waveguides, there is only a transverse component in the z direction, ALOHA-1D only considers
the contribution in this direction. The modal impedance, which describes the relationship between
transverse components of the electric and magnetic fields, is always the one of the rectangular
waveguide, even in 1D calculation. When one wants to compare scattering parameters with a
completely 1D code such as SWAN, then an impedance renormalization is required, cf. Sec.3.3.

The 1D approach is of great interest in spite of the approximations made. Indeed, since the
waveguides of the grill are modeled by parallel plate waveguides, two different poloidal lines of
waveguides are not coupled by the plasma, which means that there is no coupling between ports

associated to those waveguides in the matrix Sgrill /plasma- When an antenna is composed of several

poloidal lines of waveguides, it is then possible to define a density evolution for each line in order
to simulate the effect of poloidal inhomogeneities. Finally, an other strong advantage of the 1D
approach is to simplify the double integral of equation.(14) to a simple one, reducing dramatically
the computation time while keeping a good agreement with experiments as it will be seen in Sec.3.

2.8.6. Several layers model In a tokamak plasma, the density profile of the scrape-off layer in which
the LH antenna radiates may be perturbed by the antenna side limiters or other protruding objects
such as other antennas. Thus, the modeling of the electron density by a single linear profile is not
deeply realistic and experiments shows that the density decay length — which can be approximated
in a first order by A = n./Vn, [30] — is millimetric in front of the grill and centimetric further[31].
Consequently, it seems natural to describe the electron density profile using several layers with
different values of Vn,.
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A n(x)

V neZ

0 d

Figure 3. Description of the electronic density profile by two linear profiles in front of an antenna.
x = 0 coincides with the position of the mouth of the grill.

In ALOHA, it is possible to model the plasma density profile by one or two density gradients.
The first layer is characterized by a density gradient Vn.; and a thickness d; the second layer is
characterized by a density gradient Vn.o of infinite extent, as illustrated in figure 3:

{ne($>:neo+vne1$ 0<x<d

Ne () =Neg + Vnea (x—d) z>d (22)

where neq = neg + Vner d.

Inside the second layer, the solution of the wave equation (1) for E. is similar to the one found
in the case of a single layer since the physical requirement as x — +oco is the same (see Appendix
A). Inside the first layer, the solution for E, is a combination of Airy and Whittaker functions.
The relationship between the both solutions can be found considering that the solutions for the
transverse electric and magnetic fields at the interface of both layers = d have to be continuous
and the plasma admittance at the mouth of the antenna can be expressed analytically. Details of
the derivation for a 1D case can be found in Appendix B.

2.3.7. Numerical considerations The results of the coupling calculation described in the previous
sections depend on the total number of modes Ny, jes- [n order to determine the minimal number
of modes to take into account in order to insure the convergence of ALOHA, the total number of
modes has been varied and the results on the C3 antenna compared. This is illustrated in figure 4,
where the average reflection coefficient and the average electric field at the grill mouth are plotted
versus the electron edge density neo for the C3 antenna. When three or more modes are used, the
results get very close, indicating that the convergence has been reached.

In figure 5, the computation time has been plotted versus the total number of modes Ny, qes
for a simple antenna made of 8 independently fed waveguides and for the C3 antenna (57 waveguides
per row). As illustrated in the figure 5, the time complexity of the coupling calculation is function
of the number of waveguides and the number of modes taken into account. In both examples, the
running time is proportional to the square of the product of the number of waveguides and the
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Figure 4. Reflection coefficient (upper) and average electric field at the mouth (lower) vs edge
electron density for the C3 antenna calculated by ALOHA, for different total number of modes
taken in account.

number of modes, i.e. O (Ngvg X N12110des)' In the following of this paper, 3 modes were used for

all the simulations made with ALOHA. 3 modes are sufficient at low density ( 1.1017 ~ 20.1017m~3)
which is the density range of interest for this work.

When the antenna is large — that is to say in practical terms when there are more than
about thirty waveguides —, the numerical computation of the coupling for a 2D plasma description
becomes very difficult. In order to reach the convergence, the precision required on the calculation
of the coupling terms in (14) leads to a drastic increase of the computational time. To avoid this
problem, a solution consists in introducing losses in the vacuum permittivity. This hypothesis
changes the diagonal terms of the dielectric tensor — S’ = S — j§ and P’ = P — j§ where ¢ is
a factor of losses, d < 1 and § > 0 — and this eliminates the singularities that appear in the
expression of the admittance surface given in Appendix A. However, the implementation of the
analytical solution when losses are introduced is very difficult because of the complex arguments
that appear in Whittaker functions. It is then more convenient to numerically solve the differential
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Figure 5. Computation time versus total number of modes for a simple antenna made of 8

waveguides and for the C3 antenna. The dashed lines are quadratic fit in N12110des'

wave equations by using the finite element method as explained in Sec.2.3.5. For the sake of
illustration, setting 6 = 10~2 enables to reduce the computational time by more than two order of
magnitude without disturbing the antenna response .

3. ALOHA validation on Tore Supra antennas

3.1. Description of the Tore Supra antennas

In Tore Supra, the microwave power is generated at 3.7 GHz and launched around n = 2. During
the passed two decades, two generations of antennas — referred as C2 [32] and C3 [33] — have
been manufactured to radiate more and more power; this trend has resulted in an increasing
complexity of RF structures. The C2 antenna is composed of 16 modules of 2 poloidal x 4 toroidal
waveguides while C3 is made of 16 modules of 3 poloidalx6 toroidal waveguides separated by 1
passive waveguide. Each module in the C2 and C3 antennas has been designed to equally share the
incident power coming from a klystron into 8 and 18 active waveguides respectively. Multijunctions
are used with mechanical phase shifters in order to create a phase shift of /2 between two successive
waveguides on a toroidal line. This nominal phase shift produces a peak parallel index of n)| o = 1.82
for C2 and n o = 2.02 for C3. The ALOHA description of the C2 and C3 front faces as view from
the plasma is illustrated in figure 6. The C2 antenna, installed in 1991, was removed in 2009 and
replaced by the new Passive-Active Multijunction (PAM) antenna[34, 35].

The figure 7 shows the radiated spectral power density of the C2 and C3 antennas (in log
scale) calculated by ALOHA-2D when n.q is close to the cut-off density (1.7 x 101"m =2 at 3.7 GHz).
The input power is 2.066 MW for C2 and 4.032 MW for C3, corresponding to a power density of
25 1\/IW/m2 at the mouth of the antennas. The main peaks are observed at ny, = 0, n, = 1.8 for C2,
and n, = £0.49 n, = 2 for C3. These values are coherent with these antennas design values|21, 33].

The spectrum in the n, direction depends on the poloidal power divider of each antenna, which
split the power into two or three rows of waveguides for C2 and C3 respectively. In the case of the
C2 antenna (left figure 7), the spectrum is symmetrical to the n, = 0 plane because both rows are
in phase. In the case of the C3 antenna (right figure 7), one can observe that the main peaks are
located on two opposite poloidal indexes. This result is due to the TE;y — TE3y mode converter,
which feeds the three rows of the multijunction and leads to a w phase shift between the rows of the
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Figure 6. ALOHA description of the upper parts of Tore Supra C2 (top) and C3 LH antennas
(bottom). Grey rectangles symbolize passive waveguides. Scale is conserved between both figures.

poloidal junction. This phase generates a poloidal shift of n, = ikOLA = 10.49 in the 2D spectrum,
where A = 82mm is the distance between two guides in the poloidal direction and kg the vacuum
wavenumber at 3.7 GHz. This phase shift has not been compensated at the time of the design of
the antenna. However, LHCD Tore Supra experiments show that there is no observable difference
in the current drive efficiencies between the C2 (no poloidal n, shift) and C3 antennas (non zero
poloidal n, shift).

The 1D spectrum for both antennas — as defined in equation.(20) — is illustrated in figure
8. Both 1D and 2D modeling give nearly the same 1D spectrum. This result is not necessary in
contradiction with the influence of the fast wave coupling: in the usual electron density range in
front of the Tore Supra LH antennas, the fast wave is cut-off and then carries only reactive energy
while the slow wave propagates, carrying radiated power. Thus, equation.(20) gives nearly the
same result since only the real part of the spectrum is considered. This reactive energy appears in
the imaginary part of the spectrum that can be build in a similar way as equation.(19) and may
contributes to the apparition of second order reflective waves inside the waveguides.
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Figure 7. 2D normalized radiated power spectrum of C2 (upper) and C3 antennas (lower),

calculated using the one layer model with neo = 2.0 x 101"m~3, \;;; = 2cm and By = 2.95T.
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and C3 antennas (bottom). For both figures, the plasma is described by one layer model with
neo = 2.0 x 1017 m~3, A\,;1 = 2cm and By = 2.957T.
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3.2. Comparison with experimental results

During October and November 2008, dedicated experiments were carried out in Tore Supra in
order to compare the measured power reflection coefficients on the C2 and C3 antennas with the
numerical results from the ALOHA code. In order to avoid possible non-linear effects[36, 37], low
power pulses were used, i.e. pulses for which the power density at the mouth of the antenna is
lower than 2 MW/ m? (corresponding to a total requested input power of 100 kW for C2 and 75 kW
for C3). The parameters for the pulse #43016 are shown in figure 9. A large variation of density
in front of the antenna between 0.3 x 107 m~ and 13 x 107 m—3 was obtained by varying the
distance between the last closed flux surface (LCFS) and the antenna during the pulse (cut-off
density at 3.7 GHz is n.. = 1.7 x 10" m~3). Electron density was measured with the Langmuir
probes embedded into the LH antennas. The reported experiments were carried out at high magnetic
field (By = 3.85T at the center of the plasma) and medium density (n. (r/a =0) < 4,5.10'%m =3
and n. (r/a=1) < 1.101%m=3), so the wave is fully accessible to the confined plasma and the
assumption of full absorption of the wave is justified.
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Figure 9. Tore Supra pulse #43016. Top to bottom: total power (Pio¢); electron density in
front measured by Langmuir probes in front of the antenna; average reflection coefficient (RC);
distance between the antenna mouths and the plasma LCFS.

In ALOHA, the edge plasma is described with a linear electron density profile and no vacuum
layer in front of the grill. Reciprocating probe measurements from a Retarding Field Analyzer
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(RFA) have been used to estimate typical decay length in front of the antennas|38]. The connection
lengths L. 15 in front of C2 and C3, corresponding to the distance between protruding side limiters,
are known to be 40 cm and 60cm. The connection length L. rra of the RFA probe is evaluated
knowing the vacuum vessel and plasma configuration. The scrape-off thickness for a diffusive

model in front of the antenna is A,1 g = V"Tj"l =4/ D*ﬁf’“’. Similarly, the scrape-off thickness

measured by the RFA is A1 pra = 4/ M Assuming that the ratio of the cross-field diffusion
coefficient D, and the plasma acoustic velocity c¢s is constant in the scrape-off layer, one finds that

Leru
Anl,LH =\ T-525 A1, RF A-

In figure 10, the experimental reflection coefficients for different electron densities, measured
during Tore Supra pulses #43014-43016 for the upper modules of the C2 antenna are plotted. The
density is measured with the nearest Langmuir probe placed at the center of the C2 antenna. Plain
black line corresponds to the reflection coefficient calculated using ALOHA for different electron
density values n.g at the mouth of the antenna and with \,,; = 7 mm. For the C2 antenna, RFA
measurements give A, in [3.3,6.5] mm, which is in agreement with ALOHA results.
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Figure 10. Average reflection coefficient (in percents) versus electron density (normalized to LH
cut-off density) for the C2 antenna. Measured reflection coefficients are taken from Tore Supra
pulses number #43014-43016. Black curve corresponds to a 7mm scrape-off thickness (£3 mm).
Dotted lines are forA,1 = 5 and 10 mm. Three error bars indicating the power measurements
uncertainty are illustrated.

In figure 11, the experimental reflection coefficients at different electron densities, measured
during Tore Supra pulses #43014-43016 for the 4 first lower modules of the C3 antenna are plotted
(the 4 other modules were not firing for these pulses). The density is measured with the nearest
Langmuir probe placed at the bottom of the C3 antenna. The same method as previously has been
used to determine realistic values of the density decay length A, in front of the antenna. ALOHA
predictions show a good agreement with experimental measurements for all density values.

These dedicated experiments in Tore Supra show that ALOHA results are in good agreement
with the experimental measurements made for both multijunction antennas C2 and C3. An
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Figure 11. Average reflection coefficient (in percents) versus electron density (normalized to LH
cut-off density) for the C3 antenna. Measured reflection coefficients are taken from Tore Supra
pulses number #43014-43016. Black curve corresponds to a 2mm scrape-off thickness (+1 mm).
Three error bars indicating the power measurements uncertainty are illustrated.

extensive comparison between the new PAM antenna which has been installed on Tore Supra
in 2009 and ALOHA will be detailed in a future dedicated paper.

3.8. Comparison of ALOHA and SWAN on C3

In this section, we compare the results of the coupling code SWAN[39] to ALOHA-1D on a single
line of waveguides of the Tore Supra C3 antenna. As described in the previous section, one row of
this antenna is made of 8 modules each composed of 6 waveguides. A passive waveguide is inserted
between each module and on each side of the antenna, which leads to a total of 57 waveguides as
illustrated in figure 6.

In the SWAN code, waveguides are modeled by parallel plates instead of rectangular
waveguides. Thus, the mode impedance is not the same between both codes. In order to compare
the calculated grill/plasma scattering parameters we re-normalized the ALOHA mode impedances
to the SWAN mode impedances according to reference.[19]. The evolution of the coupling between
the first active waveguide of the C3 antenna with all other waveguides of the row is expressed by

the scattering parameters with ¢ € 1...57. Results are illustrated in figure 12,

Sgrill / plasma} 02
in which only the coupling between fundamental mode is plotted. The curves for both SWAN and
ALOHA match with a good agreement. Some numerical instabilities due to integration routines (cf.
right figure 12) have however been experienced in the SWAN code, especially for large antennas:
these numerical problems have been fixed in ALOHA. As the coupling coefficients are the same,
the antenna spectra for both codes match as well.

3.4. Comparison of ALOHA and TOPLHA on C2

Numerical comparisons between ALOHA and TOPLHA[9] on two modules of the Tore-Supra
C2 antenna were performed. TOPLHA incorporates the Finite Element Lower Hybrid Solver
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Nneo = 2.1017m=3 (top) and nep = 5.1017m—3 (bottom) .

for both codes.

An1 = 2cm, 3 modes (I TEM+2TM)

FELHSJ[40], and thus intrinsically takes into account fast and slow waves but presents the drawback

to involve an intensive computational cost.

1 input waveguide

phase shifters

4 output waveguides

Figure 13. RF model of one module of Tore Supra C2 antenna.The waveguides cross-section

dimensions are 76 mm X 8.5 mm.

Comparisons have been made on two side-by-side modules of the C2 antenna with a linear
electron density profile in front of the antenna mouth. The reflection coefficient, i.e. ratio of
reflected power to forward power for one module, was calculated for different density n.y at the
mouth of both modules. As seen in figure 14 for A,; = 2cm, both codes are in good agreement for

both predicted reflected power and launched power spectra.

This benchmark shows that ALOHA-2D and TOPLHA give the same results on a simple
multijunction antenna, which gives good confidence in the ALOHA-2D results. Moreover, the
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Figure 14. Reflection coefficients as a function of the electron density neo in front of two C2
modules and comparison of launched spectrum for initial electron density neo = 5x 1017 m!7 and
scrape-off layer thickness of A\,; = 2cm.

ALOHA-1D results agree as well, which means that the 2D effects are limited on this example.
Another comparison between ALOHA and TOPLHA was therefore made on a more complex
antenna structure, the ITER LH antenna design cf. Sec.4.2.

4. Design of future LH antennas

4.1. COMPASS

In the frame of the collaboration between the Prague Institute of Plasma Physics and the
CEA/IRFM, two preliminary designs of a 3.7GHz Lower Hybrid antenna for the COMPASS
tokamak were studied. In both designs, the antenna is made of 4 modules, 2 in the poloidal
direction and 2 in the toroidal direction, filling the mm plug dimensions. Two klystrons will feed
the two modules, using a poloidal 3dB splitter such as an hybrid junction. Both designs differ by
the number of output waveguides per module, either 6 or 8. The output waveguide cross-section
is 70 x 9 mm for the 6-waveguides design and 70 x 7mm for the 8 waveguides design. The peak
parallel index launched by the structure is either n| = 2.5 or 2 respectively. In both designs, the
phase shift between waveguide is set to /2 by mechanical phase shifters inside a multijunction. A
front and cut view of both kinds of module are shown on figure 15.

The phase shifters as well as the complete multijunctions dimensions have been modeled and
optimized using the HAMAC plug-in of ALOHA. The scattering matrices obtained with HAMAC
have been compared to those obtained by the RF software HFSS with an average amplitude error of
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Figure 15. Ilustration of the geometry of two kinds of multijunction module designed for a
3.7GHz LH COMPASS antenna. Left figure: 6 waveguides design. Right figures: 8 waveguides
design. Top figures: module front-face. Bottom figures: module cut view (not equally scaled).
The RF input is coming from port 1. Plasma is in front ports ¢ > 1. Phase shifters locations and
their phase shift values are given.

order 1072 and 0.5° average phase error. It is to be noted that the error depends on both HAMAC
and HFSS requested precision. The precision as well as the computation time in HAMAC is set by
the number of modes (TE and TM) taken into account, whereas in HFSS it depends on the mesh
precision and on the requested maximum difference in the magnitude of the scattering parameters
between two consecutive calculations. A few number of modes is necessary to converge to a working
solution and leads to fast evaluation of the scattering matrix. Thus, HAMAC is well adapted to
antenna optimizations, a task which may require a lot of different calculations.

Once the scattering matrix of the modules calculated, they are integrated into ALOHA in order
to evaluate the coupling properties of the complete antenna. In figure 16, the average reflection
coefficient and the radiated spectrum for a row of two module is plotted for each design (12 or 16
waveguides). In order to compare the accuracy of the HAMAC plug-in, the scattering matrices of
the modules have been calculated by both HAMAC and HFSS for each design and thus integrated
in ALOHA. Reflection coefficients, which are heavily dependent of the RF structure, are in good
agreement for both designs. The power spectrum, less dependent of the RF structure than on the
phasing between waveguides, also perfectly match. These results demonstrate how convenient and
efficient the HAMAC plug-in is to calculate LH multijunction scattering matrix in a preliminary
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Figure 16. Average reflection coefficient and radiated power spectrum for both kinds of
COMPASS 3.7 GHz LH antenna design. Left: 6-waveguides design; Right: 8-waveguides design.
For all figures, the ALOHA calculations have been made with the module scattering matrix
calculated by HAMAC and HFSS.

4.2. ITER relevant PAM

Following the ITER STAC recommendation, an EFDA task has been created in order to initiate the
conceptual design, R&D, procurement and installation of a LHCD system on ITER. The EFDA task
HCD-08-03-01 has reported a revised 5 GHz Lower Hybrid system being able to deliver 20 MW CW
on ITER and sustain the expected high heat flux [2]. This work has been achieved in collaboration
with ITER organization under worldwide contributions from China, India, Korea and USA on top
of EFDA. The LH antenna design presently foreseen for ITER is a Passive-Active Multijunction
(PAM) concept, which has been successfully validated on FTU[11] and more recently on Tore Supra
in steady-state conditions[34, 35].

In the frame of this EFDA task, a benchmark of the LH coupling codes TOPLHA and
ALOHA has been conducted[42, 43]. Comparison between both codes were made on one part
of a 5 GHz module designed to launch a power spectrum centered around n = 2.0, as described
in reference.[44]. This module consists in 8 active waveguides, corresponding to the 1/144th of
the total antenna. The RF model of a module has been built on HFSS in order to deduce the
scattering parameters of the antenna. The power is equally divided in narrow waveguides with a
low unbalance: the scattering parameters S,; which give the ratio between incident power waves
coming from port 1 (input feeding waveguide) to port n € [2,8] (active output waveguides) is
|Sn1]? = 0.125 4 0.01, close to the ideal case of 1/8th. The phase shifters arrangement is achieved
as illustrated in figure 17. The phase pitch between two active waveguides is 270° £+ 5°.

Two kinds of plasma scenario consisting of two different density gradients were bench-marked
with ALOHA-1D, ALOHA-2D and TOPLHA. The density decay lengths used were \,; = 2mm
and 20mm. The reflection coefficient for different densities n.y at the mouth of the module for
An1 = 2 mm is plotted in figure 18. Some slight differences between ALOHA-1D and ALOHA-
2D/TOPLHA are observed for high density values. In this range of density, the cross-term in the
cold plasma dielectric tensor (D) becomes non-negligible and generates a coupling between fast and
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Figure 17. Geometry of the ITER-like PAM multijunction under benchmark. The mechanical
phase shifter arrangement is illustrated. The waveguides height is 58 mm, the active and passive

waveguide widths are 9.25 mm and 7.25 mm respectively. The septum width between waveguides
is 3mm.

slow waves. Therefore, the difference between ALOHA-2D and TOPLHA are smaller, since both
codes handle fast and slow waves coupling. Comparisons have also been made on the calculated
spectrum and both codes give almost identical results as shown in figure 18. Table 1 reports the

directivity of the module, calculated as the ratio of the positive part of the spectrum over the total
power, i.e.

1+00de dn,
fj;odpz dn

where dp, is defined in equation.(20). Results are in good agreement for all values.
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Figure 18. Top: Reflection coefficient vs electron edge density. Bottom: power spectrum density.
Linear density evolution characterized by A,1 = 2mm.

Since ALOHA and TOPLHA do not solve the plasma coupling problem in the same way, the
computation time and computational power required are different. For one density point and a
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D ALOHA TOPLHA
neo[107"m 3\ A1 [mm] 2 20 2 20
3 72.2% | 71.7% | 70.5% | 68.9%
9 64.1% | 65.7% | 64.4% | 65.6%
30 59.3% | 59.25% | 57.2% | 59.6%

Table 1. Comparison of directivity D(23) between TOPLHA and ALOHA for a unique module
described in reference.[14].

single module, we report in Table 2 the average computation times for both codes. As said before,
2D calculation in ALOHA increases the computation time in the comparison to the 1D approach.
In TOPLHA, the coupling problem is solved by the FEM method, which in this case requires a
larger computational power than a desktop computer in order to get a result in a reasonable time.

Code Computation time Computer
ALOHA-1D <10s Desktop computer (Intel Core@1.86GHz,1GB)
ALOHA-2D ~2h Desktop computer
TOPLHA ~ 10 min Cray XT4 system, 400 2.3 GHz/8GB cores.

Table 2. Average computation time and computational power required for the calculation of a
density point for a single module.

To conclude this section, results from both codes are in good agreement, update and complete
those of reference.[44] on an ITER relevant PAM module. The reflected power of this design does
not exceed 10 % even for very high edge electron densities. The similar results obtained by both
approach show that ALOHA, especially ALOHA-1D, are fast and reliable tools for LH antenna
design.

5. Conclusion

The ALOHA code has been developed to model the Lower Hybrid antenna coupling. In this code,
multijunction antennas can be described either by the HAMAC mode-matching code or by any
full-wave RF software in order to take into account their detailed geometry. The plasma density
layers in front of the antenna can be defined by one or two linear models in order to allow a more
realistic description of the scrape-off density profile in front of the antenna. The coupling between
the plasma and antenna is treated with either fast and slow waves (ALOHA-2D) or slow wave only
(ALOHA-1D) via a surface admittance formulation.

Comparisons between Tore Supra LH antennas measurements (collected during dedicated
experiments) and ALOHA results show good agreements. The Benchmarks with LH coupling
codes SWAN and TOPLHA were also successfully conducted for both ALOHA-1D and ALOHA-
2D. The ALOHA plug-in HAMAC has already been used in the design of the LH antenna for
the COMPASS tokamak and had demonstrate how convenient it was to design then optimize
multijunction structures. ALOHA has also been used in the design of the ITER LH antenna
showing how the code and its numerical approach was fast and reliable to address such large and
complex RF structure.

The ALOHA code is integrated in the framework of the EFDA Integrated Tokamak Modeling
Task Force (ITM-TF). More precisely, ALOHA is part of the Integrated Modeling Project 5
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(IMP+5), a program about “Heating, Current Drive and Fast Particles” aiming to develop a package
of codes for the prediction and the interpretation of heating, current drive and fast particle effects.
The ITM-TF was set up in 2004 with the long-term objective to provide the EU community with
all the integrated codes required for assessing and analyzing future ITER discharges, with the
highest degree of flexibility, confidence and reliability[45]. The ALOHA code has been adapted to
run on the ITM servers (the Gateway) and made conform to ITM standards, especially in terms of
communication via ITM data structures, i.e. Consistent Physical Objects (CPOs)[46]. ALOHA can
be used as an actor in the ITM simulation platform (Kepler), which will facilitate benchmarking
with other LH coupling codes or integration in more complex work flows, for instance as an input
to LH ray-tracing and Fokker-Planck codes.
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Appendix A. Surface plasma admittance derivations, one layer model

Appendiz A.1. 2D description

For a linear electron density profile, that is to say when n. () = neo + Vney 2, it is possible to find
an analytical expression of the surface admittance Y . The dielectric parameters can be expressed
in terms of normalized radial position £ = kox as:

S (&) =5 +VS¢
D (&) =Dog+VDE (A.1)
P)=P+VP¢

where Sy, Do, Py, V.S, VD and VP are constant values.

The problem is solved considering that both the fast and slow waves, which are solutions of
the propagation equation in the case of an homogeneous anisotropic plasma, exist simultaneously.
In the lower hybrid frequency range, the term V.S is negligible.

Following the classical treatment[4], the fast wave Ef is characterized by E, = Er and E, = 0.
After some algebraic manipulation, the wave equation (1) leads in the spectral domain to:

?Er ([ VD? D} —n, VDY -
oe (n o n_S) B (ny,n.) = 0(A.2)

The general solutions of (A.2) are Whittaker functions which can be expressed using either U and
V functions or E and E* complex functions [17]. o R 3

The slow wave Eg is so that B, = —nyn./ (S —n?) Eg, E. = Eg and H, = 0. This assumption
leads to:

2DyVD
’I’L% - SO

&+

E+ 80 —n,—nl+

&#Es (VP 2 Po 2\ £
Y (S — 20 02 Bg (ny,n.) =0 A3
o+ (o o= n) (64 L5 ) —2) B () (A3
The general solution of (A.3) is a linear combination of Airy functions Ai and Bi [47].

To choose the convenient special functions for (A.2) and (A.3), we assume that as x — o0,
the WKB’s hypothesis holds and the solution of (A.2) and (A.3) have to reproduce the behavior
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of WKB waves. These considerations lead to the the physical solutions for the slow and fast waves
and finally the surface admittance is found to be:

Jn

Yy = So—u2—n2 (—=nygr + Do) (A.4)
; 2
J nyn:
Ys 2= & 5 | - — 5 | — D A.
Y So—nz{ Sogs+50_n2_n§( nygr + Do) (A.5)
J
Y;)Zy = SO . nz — ng [(SO - ng) gr — nyDO] (AG)
JNyTy ny Do
Y. — A
8,22 Sanzing |:F Soﬂ%il ( 7)
where
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gr (1my.112) Er awU (aw,nw) "
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E™ (aw,nw) 2
= ———1—"—ifSy < n: A8
awE (aw,mw) (4.8)
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|2V D]z
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= = A1l
mw awVD (A.11)
and
8Eg 9 1,
¢ ns — S A’ (na)
yNz) = —= = \Y - A12
95t me) = ( S ) AL (1) (4-12)
x=0
with
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S()n2 1
P+ —L | =— Al
( ot ng — So) VP ( 3)

The expressions given here are an extension of those presented in [4] when considering Sy # 0 and
Py #£0.

Appendiz A.2. 1D description

In a 1D description, as it is implemented in SWAN code, the waveguides are supposed to be of
infinite extend in y direction. The coupling to the plasma is reduced to the interaction with the slow
wave. Moreover, it is assumed that only the TEM mode, polarized in z direction, is propagating
inside the waveguides. Evanescent modes are then only TM,, modes (n > 1). These assumptions
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implie that n, = 0, E'y = 0 and the surface admittance Y, reduces to the scalar Ys ., (A.5). The
slow wave differential equation (A.3) becomes:
Py

°E P ~
% - ZT) (nZ — So) (& + VP) Eg (n.) =0 (A.14)

which is solved (A.14) in terms of Airy function Ai and leads to the well-known 1D surface
admittance:

Yo yz (n) =

S, <VP)§ Ai' (o) (A.15)

(n2 — 5)5 \ S0 ) Ai(no)
where 19 =14 (ny, = 0).

Appendix B. Two layers model

In this section, we derive the plasma surface admittance for the case of a plasma constituted by
two consecutive linear density profiles. For the sake of explanation, let us consider a 1D case (slow-
wave only) with two layers; the 2D case is derived in the same way. The two layers are defined
by two density gradients Vn.; and Vnes. The first one is a finite layer of width d and the second
one is supposed to be of infinitely extended (cf. figure 3). The dielectric tensor parameters vary
continuously with x; in particular, we have V P, for the first layer and V P, for the second one. We
define some particular values as So = S(z =0), Py = P(x =0) and S, = S(z =d), P, = P(d =0).
The plasma admittance expression inside the second layer at x = d is similar to the case of one
density gradient and is given according to equation.(A.15) by:

H : P\ ? AP
V)= g =2 () G (B.)
“lo=a  (n2—5y)3 1 1(na)
with
VP 5P
Ng = [ 312 (n? - 51)} (V;Q +k0d) (B.2)

Inside the first layer, the solution for E, is a linear combination of both Airy functions:

E. (z =0) = aAi (mo) + BBi (mo) (B.3)
where 110 = 71 (€ = 0) with

m(§) = { S (n? So)]é <VP1 +£) (B.4)

The relationship between the coefficients o and 3 is found considering that the solutions for the
transverse electric and magnetic fields at the interface of both layers = d have to be continuous.
Finally, one finds the surface admittance corresponding to two successive layers:

Ai(n14) _ Bi(ma) Bi/(md) _ Ai/(nld)
(Ai(mo) Y Bi(n1o) YA) Ysa+ <Bi/ (mo)  A#' (m10) ) YaYsp

5= (Ai(nld) Bi(md)) Yq + Bi’(ﬂld)y _ Ai,(ﬂld)y

Ai(mo)  Bi(mo) Bi (mo) B 7 A (o)

where 114 = m1 (£ = d).
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_ S (VAP AL (n)
e (n2 — So)% ( So ) Ai (o) (B.6)

__J% (VP * Bi' ()
e (n2 — 50)% < So ) Bi (1) (B.7)

One can extend this approach when more than two layers are considered. Suppose there are
3 layers separated at the abscissas x = dy and = = ds. Starting from the further layer defined for
T > do, the surface admittance Ygqo at = do is calculated in a similar way that in the case of a
single layer; then, the surface admittance Yg41 at @ = d; is obtained using (B.5) and the procedure
is repeated to find the surface admittance Yg at = = 0.



