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S�uKckjmx(uK�s�s_�¢`_�akpr�s�`j�f���u)��jsfRT"uri�vRiepr�LieurS�SUjsfR�)vRiepr¢R�sT(S ckp�pL¢bceurj�f¤urf�T"a¡ckjsSUuKckT>w�akgRvRv4prikc�x(p��rT(iejsfR�
ur���,ckPRT�v4prjsf/ceaZuKf�w���j�ckP¬akSUur���sT"a¡cXakgRi¡�§uLx�TL� µ ieprS ckPRT�ckPRT"prieT�ckjmx(ur�,v4prjsfLcZpK���/jsT(�
¥�ckPRjma�T>adcej�S�uKckpri
jma�akPRp���f cepU¢<T�x(prf�akjsa¡ckT"f/c���pLi&ckPRT

L1
fRprieS��

�Íf¤ckPRjmaov<uKv4T(i>¥/��T�vRieprv4pLakTXakT(�LT(iyuK�RSUpbwbj��<x(uKckjsprf�a�pK�'cePRTZur¢<p��LT�SUT�ckP�p`w,� µ jsiyadc>¥/u�¢RjsuLaox(prieikT>xDckT>w
 LT(iefRT(�!jsaXvRieprv4pLakT"w'�Z]bT"x�pLf�w'¥Fa¡pLSUT�ikT"�rgR�muKiej�cd_
x�pLf�a¡ckiyuKjsfLcya�uKieT�jsf/ckiep`wRg�x�T>w�j�f9cePRT�pLvbckjsSUj��>u�cej�pLf
v�ikpL¢R��T"S�� � T­akPRp�� ceP�u�c�ckPRT­ikT>a¡g��¨cej�fR�©T"a¡ckjsS�u�ckpLioieT"uLxyPRT"a�ckPRT­prvbcej�S�ur�<SUjsfRj�S�u �

L1
iyu�ceT���g�v¤ckp

uZ�spr�Lurikj�ckP�S�jmx2�§uLxDcepri�3D��O&PRT�T>adcej�S�uKckpri�jma2wbT��<fRT"w�j�f�]`T"x�ckjsprf��`�2]`prSUT&vRieT(�sj�SUjsf�uKie_)vRikpLv<T"i¡cej�T>a�uKieT
T>adcyuK¢R�sjma¡PRT>w�j�f ]`T>xDcej�pLfU��¥Lurf�w©ckPRT�S�urj�f�ieT"akgR��c�jsa2v�ikT>a¡T"fLceT"w�jsf ]`T"x�ckjsprfU}��%n�iep/pr�§a�uKieT�v4pLa¡ckv4prfRT>w
cep¤]`T"x�ckjsprf¬|`�

� � � �
���
��	�� ���'�%�(���)�!�
	

�¦T�c�uK�s�`ckP�T�ieurf�wbprS ��urikjmuK¢R�sT"a%¢4T�wbT��<fRT"w©prfUu­vRikpL¢�uK¢�j��sj¨cd_�akv�uLx�T
(Ω,F , P )

�%O&P�T�v�ikpL¢R��T"SzgRf�wRT(i
x(prf�akjmwbT(iyu�cej�pLf�jsa�ckp�T"a¡ckjsS�u�ceT­urf gRfR `fRp���f
v<p/a¡j�ckjs�rTX��gRf�x�ckjsprf

f : [0, 1] → (0,∞)
pLf¤ckP�T­¢<urakjsa�pK�

pL¢�akT(ie�$uKckjsprf�a
(Xi, Yi)i=1,...,N

��j�ckP�jsf�wbT"v<T"f�wbT(f/cXv<uKjsiea
(Xi, Yi)

¢4T(jsfR��gRf�j¨��pLikSU�s_
wbjmadceikjs¢RgbceT"w�jsf
cePRT�akT�c

S
wbT���f�T"w�ura

S , {(x, y) : 0 ≤ x ≤ 1 , 0 ≤ y ≤ f(x)} .
�;�53

�¦T�ckckjsfR�

Cf ,

∫ 1

0

f(u) du ,
�G�r3

T>urxyP���uKiejsur¢R�sT
Xi
jsa�wRjsa¡ckiej�¢�gbckT>w�j�f

[0, 1]
��j�ckP¬v,� w'� �d�

f(·)/Cf
��PRjs��T

Yi
P�uLa�cePRT�gRfRj���prieS x�prf<wbj¨ª

cej�pLf�uK�!wbjsa¡ckiejs¢Rgbckjsprf9��j�ckP9ieT"akv4T"xDcXckp
Xi
jsf�ckPRT�j�f/ckT"ik��ur�

[0, f(Xi)]
� �Íf9��P�u�c���pL���sp���a���T�uraeakgRSUT

f ∈ Σ[0,1](β, Lf,β )
¥
0 < β ≤ 1

ckP�uKc%jma!��gRf�x�ckjsprf
f : [0, 1] → (0,∞)

jma
β
ªà�¦j�v�aexyPRj�ck����j¨ceP�x(prf�a¡ceurf/c

Lf,β �
|f(x) − f(u)| ≤ Lf,β |x− u|β ∀x, u ∈ [0, 1] .

�§}
3
O&P�T¤x�prf<a¡jmwbT(ieT"w7T"a¡ckjsS�u�cepri

f̂N : [0, 1] → [0,∞)
pK��ckP�TU��ikpLfLcej�T"i�jma�xyPRpLakT(f7��ieprS¶cePRT��§urS�js�s_ pK�

��g�f�xDcej�pLf�a
� 




f̂N (x) =

N∑

i=1

αi Kh(x,Xi) , Kh(x, t) =
g(x)

h
K

(
x− t

h

)
,

αi ≥ 0, i = 1, . . . , N,

�G|53

��P�T(ieT
K
jma
u
akgb£¤x�jsT(f/ck�s_ akSUp/prckPï¢�urakjmx� LT(iefRT(�%��gRf�x�ckjsprf

K : R → [0,∞)
jsfLceT(�LieuKckjsfR�¤cep�pLfRT

urf�w©P�u$�`j�fR�ZckP�T�jsf/ckT"ik��uK�
[−1, 1]

ura�j�cea2akgRvRv4prikc��KcePRT&¢�uKf<wb��jswbckPUv�uKiyuKSUT(ckT(i
h ∈ (0, 1/2)

wRT(v4T(f�wRa

É�æ%î,ÉËÊ



L1 � �������	��

��� ��� �����������������	����� ���
|

pLf
N
akg�xyP�ckP�uKc

h→ 0
ura
N → ∞

��urf�w
ckPRT)��g�f�xDcej�pLf

g(x) =

(∫ x/h

(x−1)/h

K(t) dt

)−1

, x ∈ [0, 1] ,
�G~r3

x(prieikT>xDcya2ckP�T­¢<urakjsxX rT(iefRT"�
K
u�c�ckPRT­¢4prgRf�w�uKiej�T>a(¥/jG� Tr�s¥b��PRT"f

x ∈ [0, h)
pLi
x ∈ (1− h, 1]

� �Íf�wRT(T"w,¥
g(x) ≡ 1

prf
x ∈ [h, 1 − h]

¥R��PRjs��T
g(x) > 1

��PRT(f
x ∈ [0, h)

pri
x ∈ (1 − h, 1]

�
p f�T­S�u$_¤T>urakj��s_¤pL¢�a¡T"ik�LT�ceP�u�c

∫ 1

0

Kh(x, u) du = 1 ∀x ∈ [0, 1]
��d53

urf�w'¥Rx(prf�akT"l/gRT"fLce��_L¥RwbgRT)cep�jsf/ckT"ikvR�murx(j�f��©cePRT
jsfLceT(�Lieur�Furf�w ckPRT�wbT"ikjs��u�cej��LTr¥
∫ 1

0

∂

∂x
Kh(x, u) du = 0 ∀x ∈ [0, 1] .

��O
3

VXpKceTr¥2ceP�u�cUT"l/g�uKckjsprf���Or3�S�u$_ï¢4T��rT"ikj���T"w wbj�ieT"x�ck�s_r¥ouLa�j¨cUjsaUwbT"SUprf�a¡ckiyu�ceT"w#jsf cePRT Q vRv4T(f�wRj �'¥
]bgR¢�akT"xDcej�pLf�~��~9r�
�ZT(f�pKckT

Kmax , maxK(t)
¥
gmax , max g(x)

¥<ura&��T(�s�,ura���gRf�x�ckjsprf�ur�sa

Cβ(ϕ) ,

∫ 1

−1

|t|β |ϕ(t)| dt , ϕ ∈ C 0([−1, 1]) ,
��yr3

Cβ(K,K ′) , gmaxKmaxCβ(K) + Cβ(K ′) .
�f9"�r3

� T�uK�makp�wbT"fRpKceT
¢`_
Lϕ
uU�,jsv�aexyPRj�ck�
x�pLf�adcyuKf/c&��pri&��gRf<xDckjsprf

ϕ : R → R
¥bckP�uKc�jsa

|ϕ(s) − ϕ(t)| ≤ Lϕ|s− t|
��j�ckP

Lϕ <∞.
� 9r9-3

O&P�T�jsf�wbjmx(uKckpLiZ��g�f�xDcej�pLfïjma
wbT"fRpKceT"w7¢/_
1{·}

��PRjsxyPïT"l/g�ur�sa
1
j���cePRT�uKie�rgRSUT(f/c
x�pLf�wbj�ckjsprfïPRpr�mwRa

ceikg�Tr¥RuKf<w
0
prckPRT"ik��jma¡TL�

Q a&j¨c�jma�vRiep��rT>w¤¢4T(�sp�� jsf9�,T(SUS�u;9­ckPRT�akgRik�§urx�T)pr�¦ckP�T
T"a¡ckjsSUuKckT>w�akgRvRv4prikc

ŜN , {(x, y) : 0 ≤ x ≤ 1 , 0 ≤ y ≤ f̂N (x)}
� 9$�53

S�u$_¤¢4T�uKv�vRikp �bjsS�u�ckT>w¤ura���pL���sp���a
�

∫ 1

0

f̂N (x) dx =

N∑

i=1

αi +O(h) .
� 9>�r3
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O&P�jsa%a¡g��r�rT>adcya,cepZwbT(��fRT�ckPRT�v�urieurS�T(ckT"i!�LT"xDcepri
α = (α1, . . . , αN )T uLa!uZa¡pL��gbcej�pLf
ckpZckP�To��pL���sp���j�f��pLvbckjsSUj��>u�cej�pLf
vRiepr¢���T"S

J∗
P , min

α

N∑

i=1

αi
�f9(}
3

subject to

f̂N(Xi) ≥ Yi , i = 1, . . . , N ,
� 9$|53

|f̂ ′
N(Xi)| ≤ Lf,β gmaxCβ(K,K ′)

logN

Nh2
, i = 0, . . . , N + 1 ,

� 9>~r3

N∑

i=1

αi 1{(j − 1)/mh ≤ Xi < j/mh} ≤ Cαh , j = 1, . . . ,mh ,
�f9PdW3

0 ≤ αi , i = 1, . . . , N,
� 9-Or3

��P�T(ieT�v<uKiyuKSUT�ceT(i
mh

jma
wbT(��fRT"w7cep�¢4TUckP�T�j�f/ckT"�rT"i­v<uKikc)pr�
1/h

�UO&PRjma
prvbcej�SUjs�"uKckjsprfïvRikpL¢R�sT(S
S�u$_¤¢4T)��prieS�uK�s��_���iej�c¡ckT"f9ura&�sj�fRT>uKi�vRiepr�LieurS �§�,n�3

J∗
P , min

α
1

T
Nα

�f9Cyr3

subject to

Y ≤ Aα ,
�G�r�r3

−Lf,β gmaxCβ(K,K ′)
logN

Nh2
1N ≤ Bα ≤ Lf,β gmaxCβ(K,K ′)

logN

Nh2
1N ,

�;�:9-3

DTα ≤ Cαh1mh
,

�;�r�53
0 ≤ α .

�G�r�r3
O&PRT"ikT�jma
pLfRT�v<p/a¡j�ckjs�rTUv�urieurSUT�ckT"i

Cα
j�fïcePRT x�pLf�a¡ckiyuKjsfLcyaH� 9Pd53)uKf�w �;�r�53

�
j�cea
��uK�sgRT���js����¢<T

wRjsaex�g�aeakT"w
j�f¬]`T>xDckjsprf�}���Y¬prieT(p��rT"i"¥rckPRT)��pL���sp���jsfR�UfRpKcyu�ckjsprf<a&P�u$�rT­¢<T"T(f�jsfLceikpbwbg<x�T"w
�

X0 , 0, XN+1 , 1,
�G�K}
3

1N , (1, 1, . . . , 1)T ∈ R
N �;�r|53

A , ‖Kh(Xi , Xj)‖i,j=1,...,N

�;�K~r3

B ,

∥∥∥∥∥
d

dx
Kh(x,Xj)

∣∣∣∣
x=Xi

∥∥∥∥∥
i,j=1,...,N

�;�rdW3

D , ‖1{(j − 1)/mh ≤ Xi < j/mh}‖i=1,...,N ; j=1,...,mh

�;�WOr3

Y , (Y1, . . . , YN )T .
�;�Wyr3

� � 	%���(�(�������
	�� 	���� ���y�!�

O&P�T­¢<urakjsx)uraeakgRSUvbckjsprf�a&pLf cePRT
gRfR `fRp���f�¢4prgRf�w�uKie_���gRf�x�ckjsprf9uKieT
�
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L1 � �������	��

��� ��� �����������������	����� ���
d

Q 9r�
0 < fmin ≤ f(x) ≤ fmax <∞

¥b��pri�ur���
x ∈ [0, 1]

¥
Q �b�

|f(x) − f(y)| ≤ Lf,β |x− y|β
¥`��pLi�uK�s�

x, y ∈ [0, 1]
¥���j�ckP

Lf,β <∞
urf�w

0 < β ≤ 1
�

O&P�TZ��pL���sp���jsfR��uraea¡gRSUvbcej�pLf�a&prf
ckP�T
 rT(iefRT"�<��g�f�xDcej�pLf¬uKieTZjsf/ckiep`wRg�x�T>w
�

�=9r�
K : R → [0,∞)

P<ura�uUx�pLS�v<urxDc�akgRvRv4prikc
� suppt∈R

K(t) = [−1, 1]
¥

���b� ∫ 1

−1

K(t) dt = 1
¥

�&�R�
K
jsa&cePRieT(T­ckjsSUT"a�x(prf/ckjsf`gRprg�ak�s_¤wbj��FT(ieT(f/cejsur¢R��TL�

VXpKceTr¥�ceP�u�c
gmax = 2

��pri2uKf`_
gRfRjsSUpbwRuK�`T(�LT(f© rT(iefRT"�
K(·)

SUT"T�ckjsfR�
x�pLf�wbj�ckjsprf�a��=9����&�R� � T&l/gRprckT
cd��p v�ikT"��jsSUj�f�urik_#ieT"akgR��cea�prf ckPRT�T>adcej�S�u�cepri

f̂N
� µ j�iya¡c"¥2cePRT9a¡gRik�§urx(T
pr��ckP�T�ieT(�mu�ceT"w T"a¡ckjsSUuKckT>w

akgRvRv4prikc
ŜN

jsa�urvRvRiep �bj�S�u�cej��LT(�s_ ∑N
i=1 αi

��]`T>x�pLf�w'¥!ckPRTU��gRf<xDckjsprf
f̂N
jma��,jma¡vFxyPRj�ck�"jsurf,� n�iep`pK�§a

urikT­v4pLa¡ckv4prfRT>w cep¤]`gR¢�akT"x�ckjsprf¬|b�l9K�
��¯ � � ���	�

� �r� � ����

����
��i��� ��������� ��� �X� � � 0 < h < 1/4 ��� � � � � �P����� 
~����� �W� ������� ��� �������! �� � ����#"$ &% � 
 � ��� � �b� � � mh = bh−1c �(' %^� � �)%^�H� � �8���*�A� � �H�)%^�����������H�W� � �;� � �5� � ���+���,�- ��	�A�����X�)%^�� � 
�
 �,. � �0/ � � ��1 � ��
e���32#4

−2CαKmaxh ≤

∫ 1

0

f̂N (x) dx −
N∑

i=1

αi ≤ 4Cα(gmax − 1)Kmaxh .
�G�r�r3

�
¯ � �b��56� � � ���#���7� �W� 
82 ��� �w�^�W��� � �:9,�����	��� � � � ��� � � �;. %^�W� � � 
�
 �<. �=���>%T���*� �j�)%^� � �r�^���?
���:� �b� � �_�>%T�����������	��� � �V� � �8���*�A� / �>�P� � ? 2	�)%^�w��� / %:�@%T� � �i��� �5�A�CB*D$ �
�
¯ � �b��5FE 9"���X�H�G�q�P� . ��
�
 �P�w�)%^� � � ���)%^���X� ��� � 
e���_�	�,2 ? �	���P����
82Y�=H5� � � �5� ��� � ? �����7� 	5��� � ��
 �
K(·) %^�<�C� �0/ ��
 � ��� � / �����>�P�+����
 � ���I4V�)%^� � Kmax , max |K(t)| � � � � g(x) > 0 ∀x ∈ [0, 1] �J% � � 
 �? �X� � ������� ��� �W
�
82Y�P��� � �H� � �
��¯ � � �KEL�

� �r� � ���NMO�Y� � �P
Q�<R�
QB ���A�S������� ����� � 9,���=���������H�W� � � f̂N
? � �5�T� � � � ? 2U9�VW���<X� ,R

�Y�ZB$ ��� � � � � ��������
~��� h→ 0 ��� N → ∞ � � �=%Y�>%T���

lim
N→∞

logN

Nh
= 0 .

�§�T9-3

' %T� � �S�)%^��� ���=Hr� �����w��
�� � ����� � � ��
82Q� � ��� � N4 = N4(ω) � � ��%q�)%^���$� � ��� � 2 N ≥ N4
�>%T��9 � �a�I��%J��� 


� �W� ��� � � �&� � �*�)%^�X���������H�W� � � f̂N � �P���*�)%^�w� � � ��������
 [0, 1] � � ? � �:� �5� �j��� � � 
�
 �<. �$4

LbfN
, max

x∈[0,1]
|f̂ ′

N (x)|
�§�/�53

≤ 2Lf,β gmaxCβ(K,K ′)
logN

Nh2
.

�G�r�r3

î!î�¹���ÐyÓ����



O � ��� ��������� ��� �������
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�
¯ � �b��5�� M=�b���@�A� � ? � ����� � ��� � � �>%T� ��� �C� � � � 9"���X�H�O�<� � ���	��
 2x��� � � ������ ,R �����J �� ��� � �X� / %J���
e� / %J��
82 �r����� �������j�)%^� � � � ? ��� � �A� �W� �����A��� � ���G�C���� �W� �>%T�����������	��� � � �5�����>�P�W���>��� �C���< ,R �C�#"$ � � ����*���T� ��� � � ��� 
 �K��� � � ��� �>% � ��� �T2A�T� � �K� ��� ����� �W� � ��� �&� �	���i���#��%[� � � � � Xi
� i = 1, . . . , N 4 ���

.x��� 
 � ? �X� �&���#/ % � � � � ���b�)%^� � � � � ��� . ���)% �)%^� �W� ��� � � ��� O
(
(h logN/N)1/2

) ? ��� . �A� � �>%T���+� � �
�W�b
~���P��� o ((h logN/N)1/2

) � �n� � �5���X� � 	r��� �n�)%^�X���W�H��9 � �a�I��%J��� 
A� ��� ��� � � �@� � � f̂N
����� � / �>��� �? 2+9,���X�H�&� �

�àc�uKvRv4T"uriea¤ckP�uKc
cePRTïT"a¡ckjsSUuKckpLi
f̂N

¢<T"j�f�� ckP�Tïakpr�sgbckjsprf cep cePRT pLvbckjsSUj��>u�cej�pLf vRiepr¢R�sT(S � 9"}r33�
�f9CO53
pri
cep¬j¨cya�T>lLg�j���uK�sT(f/c©�¦nz�rT"ieakjsprf � 9Cyr33���;�K�53�wbT��<fRT"a�ckPRT¤ LT(iefRT(�oT"a¡ckjsSUuKckpLi�pK�&ckP�T a¡g�vRv<pLi¡c
x(p��rT"ikjsfR� ur����cePRTUv<pLj�f/cea

(Xi, Yi)
urf�w'¥,urvRvRiep �`jsS�u�ceT(�s_r¥FP�u$�`j�f�� cePRT�a¡S�uK�s�sT"a¡c)akgRik�§urx�TL¥'gRv7ckp�ckPRT

ceT(ieS
O(h)

a¡v4T"x(j¨��T>w jsf9�,T"S�S�u�9r�2Y9pLikT"p��rT"i"¥/x�prf<adceieurj�f/ceaV�f9"~53Y��� 9�d�3�pri*�G�^9C33�$�G�L�53�T(f�akgRieT
f̂N ∈

Σ[0,1](1, LbfN
)
��j�ckP�u v�uri¡cejsx(gR�muKi)�,jsv�akxyP�j¨ce��x(prf�a¡ceurfLc

LbfN

�rjs�rT(f j�f��,T"S�S�u��`�©O&P�T�x(prf�a¡ckiyuKjsf/c
αi ≥ 0

��pri�uK�s�
i = 1, . . . , N

T(f<a¡gRieT"a�ceP�u�c
f̂N(x) ≥ 0

��priXur���
x ∈ [0, 1]

a¡jsf�x(T)ckPRT
¢�uLa¡jmx­ rT"ikfRT"�
Kjma�xyPRp/a¡T"f�ckp�¢4T�fRprfRª;fRT"�LuKckjs�rT �RckPRjmaXakT(T"SUa�ckp�¢4T�f�u�cegRiyuK�'��pLi���gRf�x�ckjsprf

f(·)
jma�v4pLakj¨cej��LTr� µ jsf�uK�s�s_r¥

f�pKckT�ckP�uKc�ckPRT­uK¢4p��rT�wbT>akx(ikjs¢4T"wUT"a¡ckjsS�u�cepri �;|53D¥�� 9-y533�$�G�r�532S�u$_�¢4T�ceikT>u�ceT"w�ura2ckPRT­uKvRvRiep �bj�S�uKckjsprf
cep¬Y¬u �bjsS�gRS �,js rT(�sjsPRp`p`w ! a¡ckjsS�u�ckT ikT"�suKckT"w ckp�cePRT�T"a¡ckjsS�u�cej�pLf7�§urSUj��s_h�;|W3 �2akT(Tj<*.">,�a�@ "!$# ���
�W
 0 ~�¥�|P2,��pLi&ckPRT�wbT"SUprf�a¡ckiyu�cej�pLf,�

	 
 ����� 	%��� �
�y�%�

�ÍfUcePRT���pL���sp���jsfR�
ckP�T(prieT(S�¥rckPRT­x�prf<a¡jmadceT(f�x(_�urf�w�ckP�TZx�pLf`�rT(ie�rT"f�x�T&iyu�ceT�pK�FckP�TXT"a¡ckjsS�u�cepri�cep���uriew�a
cePRT)ckiegRT­��ieprf/ckjsT(i�jma&T"a¡ceur¢R��jmakPRT"w
��j¨ceP�ikT>a¡v4T"x�c�ckp�ckPRT

L1
fRprieS prf�cePRT

[0, 1]
jsf/ckT(ie��uK�;�

�
� ¯`³ � ¯ � � 9,���V�)%^�Y� ? � �P�Y�H� � ��� ��� ���[���A� � � �&��� ��� �:MO���
M �v� � � 

�,R�
QB % � 
 �s��� � �q� � � �)%^����������	��� � ���T���A���	��� ��� Cα > 6fmax ��� � � � � �������x
l��� h→ 0 ��� N → ∞ � � �=%Y�>%T���

lim inf
N→∞

logN

Nh1+β
> ρ > 0 , lim

N→∞

logN

Nh1+β/2
= 0 .

�§�r}
3

' %T� � ���������H�W� � �S���$ ,R �Y�*BI �%^�P�_�)%^�S� � 
�
 �,. � �Z/ ����2�� ��� � ���7� �&� � �T�����������04

‖f̂N − f‖1 ≤
(
C12(β)hβ + 2C4(β)h−2(logN/N)

2+β
1+β

)
(1 + o(1)) a.s.

�§�L|r3

. ���)%
C12(β) , 2Lf,β gmaxCβ(K,K ′) + 4Cα(gmax − 1)Kmax1{β = 1}

�§�L~r3
� � �

C4(β) , 2Lf,β



(

2Cf

Lf,β

) β
1+β (

1

ρ

) 2
1+β

+ gmaxCβ(K,K ′)

(
2Cf

Lf,β

) 1
1+β


 . �G�
dW3

� ³ � ³   §�b� ° � ' %^�w�	�IHr��� � � � �W� � � ��� ��� �P��� / � � ��� . %:�7�=% � � /�� �W� � � � ��� � ? 2 ' %^� � � ��� �

‖f̂N − f‖1 = O
(
(logN/N)

β
1+β

)
a.s.
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L1 � �������	��

��� ��� �����������������	����� ���
y

� �w�W��� ��� � ��� � � � h �H������� �0/ �)%^�S� � 
�
 �,. � �Z/ ����2�� ��� � ���7���I4

h ∼ ρ̃

(
logN

N

) 1
1+β

, 0 < ρ̃ < ρ−
1

1+β ,
�G�5Or3

. %:�7�=% � � � � �����*�>%T� � �5�T��� ? ���:� � �YB��� 	� �

lim sup
N→∞

(
logN

N

)−
β

1+β

‖f̂N − f‖1 ≤ C12(β)ρ̃β + 2C4(β)ρ̃−2 a.s.
�§�ryr3

�¦T�cXg<a�PRjs�rPR�sjs�rP/c�ckP�uKc��§�ryr3�akPRp���a&ceP�u�c
f̂N
ieT"uLxyPRT"a*�§gRv�ckp u¤��pL�LuKiej�ckPRSUjmxX�§uLxDcepri�3�ckPRT�S�jsfRjsS�u �

L1
ieuKckT­��pri��¦j�v�aexyPRj�ck�­��ieprf/ckjsT(i

f
¥RakT(Tw\H."!�.B+�4$G^]
GJI 'tR_+�%B`T "U,.&Ih0º��}W2;¥RO&PRT"prieT(S�}<�~9L�~9L�

�
¯ � �b��5�� ' %^�_����� ��� �U� �W� ������� ��� � � �CB��# H�H�<2 ? ���=Hr� � � �r���	� �

lim
N→∞

logN

Nh1+β/2
<∞

��}/�r3

. %:�7�=% 
~��� ���_� � � �&� �>%T�����S� � � � / � � ��� ��
5� � ��� � 
l� � � �+� ��� ��� � � ���V� � �CB��$ ,R �CB��J �

� � 	%�������

O&P�T
vRikp`pr�!pK�2O&PRT"prieT(S)9
��PRjmxyP�jsa��rjs�rT(f�jsf9]bgR¢�akT"xDcej�pLf¬|b� }�jma�¢�uLa¡T>w pLf�¢<prckP9gRvRv4T(iZuKf�w��sp���T"i
¢4prg�f�wRa�wbT(iej��LT"w�jsf ]`g�¢�a¡T>xDcej�pLf |b�º�#urf�w ]`gR¢<a¡T>xDckjsprf |b� �#ieT"akv<T>xDckjs�rT"��_L� � PRT"f vRiep��`j�f��#ckPRT>a¡T
¢4prg�f�wRa"¥K��T�uLakakgRSUT�ckP�uKc%cePRT�akT"l/gRT(f<x�T�pK�4ckPRT�aeuKSUvR�sT

X
ª;v4prjsf/cea

(Xi)i=1,...,N
jma�uK�sieT"urwR_­jsf�x(ikT>urakT

pLiewRT(ieT"w'¥`��j�ckPRpLgbcXxyP�uKf��rjsfR�©f�pKceuKckjsprf
��ikpLS
Xi
ckp
X(i)

��pLi&ckPRT�aeuK LTZpr��akjsS�v���jmx�j�cd_r¥`ceP�u�c�jma

Xi ≤ Xi+1 , ∀ i .
�§}T9-3

� T�T"aea¡T"fLcejsur���s_)uKvRvR�s_­ckPRT�gRfRj���prieS urak_`S�vRckpKcejsxo¢<pLgRf�w
O(logN/N)

prf
∆Xi , Xi−Xi−1

v�ikp��LT"w
jsf9uKg��bjs��jmuKie_¤�,T"SUSUuU~b� ��T(��prieTZceP�u�c>¥R��T­v�ikp��LTZjsf¬]`gR¢�akT"x�ckjsprf9|b�l9ZcePRT)cd��p�v�ikT"��jsSUj�f�urik_�ieT"akgR��cea"�

����� �
	��
����������	���������������	 �!	��#"%$��'&�"
( � ³,³*)�³*)��o¯ � � �(�,+ V�prckT­ckP�uKcXwbT��<fRj¨cej�pLf�a_�;|533�$�§~53�jsSUvR�s_¤ckP�T)��pr�s��p���jsfR�UwbT"x(prSUv<p/a¡j�ckjsprf¦�

1∫

0

f̂N (x) dx =




h∫

0

+

1−h∫

h

+

1∫

1−h


 f̂N (x) dx

��}`�53

=

1∫

0

N∑

i=1

αi
1

h
K

(
x−Xi

h

)
dx

��}/�r3

+

N∑

i=1

αi

(∫ h

0

+

∫ 1

1−h

)
g(x) − 1

h
K

(
x−Xi

h

)
dx .

��}L}
3

î!î�¹���ÐyÓ����



9>� � ��� ��������� ��� �������
	W�����w��
�� �

]bj�f�x(T
αi
urf�w
 rT(iefRT"�

K
urikT)fRpLfbªàfRT(�/u�ckjs�rTL¥Lj�c���pr�s�sp���a�ckP�uKc

1∫

0

N∑

i=1

αi
1

h
K

(
x−Xi

h

)
dx ≤

N∑

i=1

αi

∫

R

1

h
K

(
x−Xi

h

)
dx =

N∑

i=1

αi
�§}/|53

urf�w ckPRT"ikT(��prieTr¥

1∫

0

f̂N (x) dx −

N∑

i=1

αi ≤
gmax − 1

h
Kmax

N∑

i=1

αi




h∫

0

+

1∫

1−h


1{|x−Xi| ≤ h}dx

��}/~r3

≤ (gmax − 1)Kmax

(
N∑

i=1

αi 1{0 ≤ Xi ≤ 2h}
��}:dW3

+

N∑

i=1

αi 1{1− 2h ≤ Xi ≤ 1}

)
�§}rOr3

≤ (gmax − 1)Kmax4Cαh .
�§}ryr3

O&P�T�j�f�T"l/g�uK�sj�cd_ ��}
y53&��pL���sp���a&��ieprS � 9PdW3�akj�f�x(T
¢<prckP¬jsf/ckT"ik��uK�ma�jsfK��}:d�33�$��}rOr3�uKieT
pK��ckP�T��sT(fR�rckP
2hurf�w ckP`g�a
S�u$_¬¢4T¤x�p��LT(ieT"w¬¢`_9cd��p�ikT"�suKckT>w jsf/ckT(ie��uK�ma)pK��ckPRTU��pLikS

[(j − 1)/mh, j/mh]
jsfN� 9Pd53D�

� pLf�akT"l/gRT(f/ce��_L¥/��T­P�u$�rTZvRikp��LT"wUcePRT)gRvRv4T(i�¢4prgRf<w¤��pLi�cePRT
wbj~�4T"ikT"f�x�T­j�f
ckP�T­�sT��Ëc�P�urf�w�a¡jmwbTH��}L~
3D�
O&P�T©�sp���T"iX¢4prgRf<w jmaXv�ikp��LT"w9jsf¬cePRT�akurS�T©S�uKfRfRT"i"� �Íf<wbT(T>w'¥,wbT"x(prSUv4pLakj¨cej�pLfn��}`�W33�$��}r}
3XjsSUvR�sj�T>a(¥
akjsf�x�T­ckP�T)ckT(ieS��§}r}r3�jma&fRpLfbª;f�T(�LuKckjs�rTL¥

1∫

0

f̂N(x) dx −
N∑

i=1

αi ≥ −
N∑

i=1

αi




0∫

−h

+

1+h∫

1


 1

h
K

(
x−Xi

h

)
dx

�G|r�r3

≥ −Kmax

(
N∑

i=1

αi 1{0 ≤ Xi ≤ h}
�G|^9-3

+

N∑

i=1

αi 1{1− h ≤ Xi ≤ 1}

)
�;|r�53

≥ −Kmax 2Cαh .
�;|K�r3

O&P�jsa�x(prSUvR�sT�ckT>a�ckPRT
v�ikp`pK�%pK�2�,T"S�S�u;9r�
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L1 � �������	��

��� ��� �����������������	����� ���
9r9

( � ³,³*))³ ) ��¯ � � � E + t�T"SUj�f�w ckP<u�c)��TUuraea¡g�S�T;��}a9C3D����_¬urvRvR�s_/jsfR��uKg��bjs��jmuKie_9�,T(SUS�u ~�uKf<w
�¦T(SUS�uHO©��T­��iyadcXurikiej��LTZuKc

max
x∈[0,1]

|f̂ ′
N (x)|

�G|K}
3

= max
1≤i≤N+1

max
x∈[Xi−1,Xi]

|f̂ ′
N (x)|

�G|L|53

≤ Lf,β gmaxCβ(K,K ′)
logN

Nh2
+

1

8
max

1≤i≤N+1

[
(Xi −Xi−1)

2 max
x∈[Xi−1,Xi]

|f̂ ′′′
N (x)|

] �;|K~r3

≤ Lf,β gmaxCβ(K,K ′)
logN

Nh2
+

1

8

(
CX

logN

N

)2

max
x∈[0,1]

|f̂ ′′′
N (x)| ,

�G|
dW3

��j�ckP
CX > 4Cf/fmin

��O&PRT
S�u �bjsS�gRS ceT(ieS jsfs�;|rd53�jsa&¢4prgRf<wbT"w�ura���pL���sp���a
�
��pLi�uKf`_

x ∈ [0, 1]

|f̂ ′′′
N (x)| ≤

N∑

i=1

αi

∣∣∣∣
d3

dx3
Kh(x,Xi)

∣∣∣∣
�;|WOr3

≤ sup
u,v

∣∣∣∣
∂3

∂v3
Kh(v, u)

∣∣∣∣ ·
N∑

i=1

αi 1{|x−Xi| ≤ h}
�G|5yr3

≤ gmaxL eK′′
h−4 · 3Cαh ,

�G~r�r3
akjsf�x�T	�§akT(T��¦T(SUS�u�|���pLi&ckPRT�wRT�ceurj��sT"w�wbT"SUprf�a¡ckiyu�cej�pLfa3

sup
u,v

∣∣∣∣
∂3

∂v3
Kh(v, u)

∣∣∣∣ ≤ gmaxL eK′′h
−4 �G~^9-3

��P�T(ieT

L eK′′
, LK′′ + 3LK′Kmaxgmax + LKgmax

(
3LK + 10K2

maxgmax

)
+ 6K4

maxg
3
max .

�G~L�53
]bgR¢�a¡ckj�ckgbcej�fR� �;|WO53�¥"�§~L�r3�jsf/ckpY�G|
d�3�_`j�T"�swRa

max
x∈[0,1]

|f̂ ′
N (x)| ≤ Lf,β gmaxCβ(K,K ′)

logN

Nh2
+

3

8
gmaxL eK′′Cα

(
CX

logN

Nh2

)2

h
�G~r�r3

≤ 2Lf,β gmaxCβ(K,K ′)
logN

Nh2

�G~K}
3

g�f�wbT(i�uLwRwbj�ckjsprf�ur�,uraea¡g�S�vRckjsprf[����PRjmxyP�PRpr�mw¤ceikg�T)��pri�uK�s�,akgb£¤x�jsT(f/ck�s_ �muKie�rT
N
3
�

h ≥
3C 2

XCα L eK′′
logN

8Lf,β Cβ(K,K ′)N
.

�G~L|53

O&P�T­ieT"akgR��c���pr�s��p���a"�

î!î�¹���ÐyÓ����
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	W�����w��
�� �

����� � ��� � 	�� � $ ��� � ��	
f̂N

��� & � 	 � " ���
J∗

P��¯ � � � � 9"�����>%T�����A� � � �&��� ��� � � � ' %^� � � ��� �+% � 
 �j��� � � �N' %T� � � � ��� � 2�� � ��� �

γ > Lf,β gmaxCβ(K)
�§~L~r3

� � �i�W
e� � �����W
�
 ω ∈ Ω �)%^��� �w�=Hr� ��� � � ��� � � � � ? ����� N1 = N1(ω, γ)
� � ��%;�>%T���T� � �_��
�
 N ≥ N1

�)%^�
9�V ���<XI ,R �Y�*BI X� �V� � 
 �P� ? 
~�	� � �

J∗
P ≤ Cf + γhβ .

�G~
dW3

( � ³,³*)o³*)���¯ � � � �#+ � pLf�akjswbT"iouKie¢Rj�ckiyuKie_
N ≥ N0(ω)

��j¨ceP
N0(ω)

��ikpLS �¦T(SUS�u�~R���Íf/ckiepbwbg�x�T
��g�f�xDcej�pLf

fγ(u) = f(u) + γhβ uKf�w
v�akT(g�wRpKªàT"a¡ckjsSUuKckpLiea

α̃i =
1 + δi1

2

∫ Xi

Xi−1

fγ(u) du+
1 + δiN

2

∫ Xi+1

Xi

fγ(u) du , i = 1, . . . , N
�§~rOr3

��P�T(ieT
δij
adcyuKf�wRa���pri��)ieprf�T"xy rT"i�a¡_`S�¢4pr�;� ��T(�sp�� ��T�wbT(SUpLf�adceieuKckT)ceP�u�cZx(prf�wRj¨cej�pLfK�§~r~r3�T(f<a¡gRieT"a

cePRT��rT"x�ckpLi�pK�Zv�a¡T"g�wbprª;T>adcej�S�u�cepriya
α̃ = (α̃1 . . . , α̃N )T cep ¢4T�urf urwbSUjmakakjs¢R��T�v4prjsfLc©��pri©ckPRT��,n

�f9Cy53Y���;�K�53�¥b��pri�urf/_
a¡gb£¤x(j�T"fLce��_ �surik�LT
N
��O&P�jsa�jsSUvR�sj�T>a�a¡pL����uK¢�j��sj¨cd_ pK�%ckPRT��¦n1�f9Cy53Y� �G�K�
3&uKf�w

J∗
P ≤

N∑

i=1

α̃i =

∫ 1

0

(f(u) + γhβ) du = Cf + γhβ .
�G~5yr3

�¦T�c
CX > 4Cf/fmin

� µ pLi&ckPRT�aeuK LTZpr�%akj�SUvR�sjsx(j¨cd_L¥R��T­jsSUv<p/a¡T)cePRT�urw�wbj¨cej�pLf�uK�,uLakakgRSUvbcej�pLf�a

hβ ≤
logN

ρNh
≤ min

{
fmax

γ
,

1

ρCX

}
,

� d��r3

��P�jsxyP�PRpr�mw
ckiegRT­��pri�ur���
N
�muKie�rT­T(fRpLgR�rP,�
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9>�

9L� µ jsiyadc>¥R��T)vRiep��rT)x�pLf�a¡ckiyuKjsfLcyaV� 9>|53�gRf�wbT"i
αi = α̃i

¥
i = 1, . . . , N

� µ pri�uKie¢Rj�ckiyuKie_
x ∈ [0, 1]

¥

f̃N (x) ,

N∑

i=1

α̃iKh(x,Xi)
� dJ9-3

=
N+1∑

i=1

∫ Xi

Xi−1

fγ(u) du
Kh(x,Xi) +Kh(x,Xi−1)

2

� dK�53

+
1

2

∫ X1

0

fγ(u) du (Kh(x,X1) −Kh(x, 0))
��dK�r3

+
1

2

∫ 1

XN

fγ(u) du (Kh(x,XN ) −Kh(x, 1))
��d�}
3

=

∫ 1

0

fγ(u)Kh(x, u) du
��dr|53

+
N+1∑

i=1

Xi∫

Xi−1

fγ(u)

(
Kh(x,Xi)+Kh(x,Xi−1)

2
−Kh(x, u)

)
du

��dK~r3

+
1

2

∫ X1

0

fγ(u) du (Kh(x,X1) −Kh(x, 0))
��drdW3

+
1

2

∫ 1

XN

fγ(u) du (Kh(x,XN ) −Kh(x, 1)) .
��dWOr3

VXp�� ��T�a¡T"v�uKiyu�ceT(�s_­¢4prg�f�w�T"urxyP�pK�<ckPRT�akgRSUS�uKf�w�ab��dK|533��� d�O53!��ieprS ¢<T"��p��
� �Xg�T�cepi��d�3�¥KcePRT�S�uKjsf
ceT(ieS ��dr|53�jma&¢<pLgRf�wbT>w�ura���pr�s�sp���a

�
∫ 1

0

fγ(u)Kh(x, u) du = f(x) + γhβ +

∫ 1

0

(f(u) − f(x))Kh(x, u) du
��dWyr3

≥ f(x) + (γ − Lf,β gmaxCβ(K))hβ .
��Or�r3
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O&P�T
i
ª;ckP�akgRSUS�uKf�w©��ieprS � d�~53%jma�wbT>x�pLS�v4pLakT"wUurf�w©ckPRT"f�¢4prg�f�wbT"wU¢<urakj�fR�)pLf©ceieurv<T"�(jsgRSz��pLikS©gR�mu

T"ikiepri&ura���pL���sp���a
�

∫ Xi

Xi−1

fγ(u)

(
Kh(x,Xi) +Kh(x,Xi−1)

2
−Kh(x, u)

)
du

��OT9-3

≥ fγ(x)

∫ Xi

Xi−1

(
Kh(x,Xi) +Kh(x,Xi−1)

2
−Kh(x, u)

)
du

��O/�53

−

Xi∫

Xi−1

|fγ(u) − fγ(x)|

∣∣∣∣
Kh(x,Xi) +Kh(x,Xi−1)

2
−Kh(x, u)

∣∣∣∣ du
��OL�r3

≥ −(fmax + γhβ)
(Xi −Xi−1)

3

12
max

u∈[0,1]

∣∣∣∣
∂2Kh(x, u)

∂u2

∣∣∣∣ 1{|x−Xi| ≤ 2h}
��Or}
3

−Lf,β

∫ Xi

Xi−1

|u− x|β 1{|x−Xi| ≤ 2h}
gmaxLK

2h2
[(u−Xi−1) + (Xi − u)] du.

��O/|53

��_ urvRvR�s_`j�fR���¦T(SUS�u�~�¥`ckPRT)�<iea¡c�ckT"ikS�jma�¢4prgRf<wbT"w�ura���pL���sp���a

(
OK}

) ≥ −

(
CX

logN

N

)2
fmax gmaxLK ′

6h3
(Xi −Xi−1)1{|x−Xi| ≤ 2h},

��OL~r3

urf�w ckPRT�akT"x(prf�w
prfRT)jma�¢4prgRf�wRT"w�¢`_
�

(
OL|

) ≥ −
gmaxLf,β LK

2h2
CX

logN

N
1{|x−Xi| ≤ 2h}

∫ Xi

Xi−1

|u− x|βdu .
��OJdW3

Y¬prieT(p��rT"i"¥L��ieprS �¦T(SUS�u�~�¥bprfRT
x"uKf9a¡P�p�����iyadc�ceP�u�c

N+1∑

i=1

1{|x−Xi| ≤ 2h}(Xi −Xi−1) ≤ 4h+
CX logN

N
,

urf�w�a¡T>x�prf<w¤ceP�u�c

N+1∑

i=1

1{|x−Xi| ≤ 2h}

∫ Xi

Xi−1

|u− x|βdu
��OrOr3

≤

∫ x+2h

x−2h−CX(log N)/N

|u− x|βdu
��Oryr3

≤

(
4h+ CX

logN

N

)
max

v∈[−2h−CX(log N)/N,2h]
|v|β

��yr�r3

≤

(
4h+ CX

logN

N

)(
2h+ CX

logN

N

)β

.
��y^9-3
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O&P`g�a"¥b��T)urikiejs�rT)u�c&ckPRT
¢4prg�f�w
��pri&ckP�T�a¡gRS ��dK~53&ura���pL���sp���a
�

N+1∑

i=1

∫ Xi

Xi−1

fγ(u)

(
Kh(x,Xi) +Kh(x,Xi−1)

2
−Kh(x, u)

)
du

��y/�53

≥ −gmaxCX
logN

Nh

(
4 + CX

logN

Nh

)(
CXfmaxLK′

6

logN

Nh

��yr�r3

+
Lf,β LK

2
hβ

(
2 + CX

logN

Nh

)β
)

��yK}
3

≥ −
5

6
gmaxCX

(
logN

Nh

)2 (
CXfmaxLK′ + 3β+1ρ−1Lf,β LK

)
.

��yL|53

Q c��mura¡c"¥bj�c�jsa�akjsS�js�muKie��_¤wbT"SUprf�a¡ckiyu�ceT"w ckP�uKc&¢4pKceP9a¡gRSUS�uKf<wRa*��drd�3&uKf�ws��dWO53&uKieT­¢<pLgRf�wbT>w
ur¢<p��LT
¢`_

O((logN/(Nh))2)
� µ pLi�j�f�a¡ceurf�x�TL¥`��pri_� d5d�3�¥RprfRT)pL¢bceurj�f�a

∣∣∣∣∣

∫ X1

0

fγ(u) du (Kh(x,X1) −Kh(x, 0))

∣∣∣∣∣ ≤ (fmax + γhβ)X1 |Kh(x,X1) −Kh(x, 0)|

≤ 2fmax gmaxLK

(
CX

logN

Nh

)2

.
��yr~r3

O&P`g�a"¥`��ieprS � dJ9-3Y����yr~53�j�c���pr�s��p���a���pLi�T"urxyP
j = 1, . . . , N

ckP�uKc

f̃N (Xj) ≥ f(Xj) + (γ − Lf,β gmaxCβ(K))hβ +O

((
logN

Nh

)2
)

≥ Yj
��y
dW3

��pLi�a¡gR£�x(j�T"f/ck�s_��muKie�rT
N ≥ N0(ω)

��PRT"f©¢4pKceP�j�fRT>l/g�uK�sj¨cej�T>ab��dK�532urf�w�cePRT&��pr�s�sp���j�fR�)pLfRT&PRpr�mw©ckiegRT
�

γ−Lf,β gmaxCβ(K) ≥
5

6
gmaxCX

(
logN

Nh1+β/2

)2(
CXfmax

(
LK′ +

12LK

5

)
+ 3β+1

Lf,β LK

ρ

)
.

��y5Or3

�R��]`j�SUjs�surik�s_r¥'x(prf�a¡ckiyuKjsf/ceaX� 9"~r3�PRpL�sw¬ckiegRT�gRf�wbT"i
αi = α̃i

¥
i = 1, . . . , N

� �Íf�wbT"T"w'¥F��pLi­urik¢�j¨ceieurik_
x ∈ [0, 1]

¥`��T
fRp�� P<u$�rTZckpU¢<pLgRf�w
ckP�T�uK¢�akpr�sgbckT)��uK�sgRT
pr�

f̃ ′
N (x) =

N∑

i=1

α̃i
d

dx
Kh(x,Xi) =

N∑

i=1

α̃i K̃h(x,Xi)
��y5yr3

jsf�a¡ckT>urw
pK�b��dJ9-3D� g�T"ikT

K̃h(x, u) ,
∂

∂x
Kh(x, u)

� 9>�r�r3
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�Ga¡T"T�]`gR¢�akT"x�ckjsprf9~R�l9C3���j�ckP�ckPRT)��pL���sp���jsfR�©g�vRv<T"i�¢4prgRf�w
∣∣∣K̃h(x, u)

∣∣∣ ≤ h−2gmax

{∣∣∣∣K
′

(
x− u

h

)∣∣∣∣+ gmaxKmax

∣∣∣∣K
(
x− u

h

)∣∣∣∣
}
.

� 9>�^9P3

wRT"wbg�x(T"w
��prieS �f9(}/|�3�¥"� 9"}L~53�� g�T"f�x�TL¥RprfRT)S�u$_¤ieT(v4T"uKc�cePRT�uKie�rg�S�T"f/cea�pK�b��dr�W33�$��d�Or3�¢/_
xyP�uKfR�Lj�f��
Kh
��pLi

K̃h
��O&PRT(ieT���pLikTL¥$ur���/cePRT�iyu�ceT"a¦��ikpLS���OT9C33�$��y
dW3¦akPRprg��sw�¢<T&wbjs�/jmwbT>w�¢`_

h
¥���P�j��sTocePRT�uK¢�akpr�sgbceT

��ur��gRT)pr�!cePRT
S�uKjsf ceT(ieS pK��wbT"x(prSUv4pLakj¨cej�pLf,¥RwbgRT)cepq��Or3�¥Rjsa�¢<pLgRf�wbT>w�uLa���pr�s��p���a
�

∣∣∣∣
∫ 1

0

fγ(u) K̃h(x, u) du

∣∣∣∣ =

∣∣∣∣
∫ 1

0

(f(u) − f(x))
∂

∂x
Kh(x, u) du

∣∣∣∣
� 9>�L�r3

≤ Lf,β gmaxCβ(K,K ′)hβ−1 ,
� 9>�r�
3

jsf�a¡ckT>urw�pr�B� d�y53Y����OL�53D�2t�T"SUj�f�w�ckP�T&wRT���fRj�ckjsprfq��y
33�$� 9"�r3,��pLi
Cβ(K,K ′)

��PRjsxyP©��pr�s�sp���a,��ieprS �f9"�T9C3D�
O&P`g�a"¥`��pri�akgb£¤x�jsT(f/ce��_
�surik�LT

N ≥ N0(ω)
urf�w ��pri�T"uLxyP

Xj
��T)urikiejs�rTZuKc

∣∣∣f̃ ′
N (Xj)

∣∣∣ ≤ Lf,β gmaxCβ(K,K ′)hβ−1 +O

(
log2N

N2h3

)
≤ Lf,β gmaxCβ(K,K ′)

logN

ρNh2
.
� 9>�K}J3

VZuKSUT(�s_r¥`jsfRT"l/g�ur��j�cd_ �f9"�K}53�PRpL�sw�a�ckiegRT­ur��SUp/adc�a¡g�ikT"��_U��pLi&ur���4cePRpLakT
N ≥ N0(ω)

a¡g�xyP ckP�uKc_��dK�53�jsa
�LT(iej¨�<T"w�uKf�w

Lf,β Cβ(K,K ′)

(
logN

hβ+1N
− 1

)
≥

5

6
gmaxCX

(
logN

Nh1+β/2

)2 � 9>�L|r3

·

(
CXfmax

(
L eK′

+
12L eK

5

)
+ 3β+1

Lf,β L eK

ρ

)� 9>�r~
3

��P�T(ieTH�Ga¡T"T
�,T(SUS�u¤|���pri&cePRT�wbT�cyuKjs��T>w
wRT(SUprf�a¡ckiyu�cej�pLfa3

L eK , LK′ + LK gmaxKmax , L eK′
, LK′′ + LK′ gmaxKmax .

� 9>�
d53

��� µ jsf�ur���s_r¥bcePRT�x�pLf�a¡ckiyuKjsfLcyaV� 9PdW3���j¨ceP

Cα ≥ 6fmax
� 9>�5O
3

ur�sakp�PRpL�sw�ceikg�T�gRf�wRT(i
αi = α̃i

¥
i = 1, . . . , N

� �Íf�wbT"T"w'¥4¢`_��¦T(SUS�u¤~¤ckPRT���pr�s��p���jsfR��jsfRT"l/g�ur��j�ckjsT"a
P�pr�mw
u�� a"�%��priXur���

N ≥ N0(ω)
urf�w ��pri�T>urxyP

j = 1, . . . ,mh
¥R��PRT"ikT

mh = bh−1c �
N∑

i=1

α̃i 1{(j − 1)/mh ≤ Xi < j/mh} ≤ (fmax + γhβ)

(
1/mh + 2CX

logN

N

) � 9>�5y
3

≤ 6fmaxh,
� 9r9"�
3

g�f�wbT(i)urw�wbj¨cej�pLf�uK��uraeakgRSUvbckjsprf�aX��dK�53D��O&P`g�a"¥'x�pLf�adceieurj�f/cyaw� 9�d�3ZuKieT���gR�����s��T>w¬gRf�wRT(i	� 9>�5O53ZuK�sSUpLa¡c
akgRieTr¥`��pLi�uKf`_ akgb£¤x�jsT(f/ck�s_¤�muKie�rT

N
�

}<��]`j�f<x�T�uK�s�
α̃i ≥ 0

¥Rx�prf<adceieurj�f/ceaV�f9CO53�P�pr�mw ceikg�Tr¥RuKf<w��¦T(SUS�uU�©jma&vRiep��rT>w'�
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�
¯ � �b��5�� 
 2X�A�5��
82�� �Z/ 9,�����	��X<� �:� �5��� � � �W����� �W� �W
$����� � � �&��� ��� � �3�0�<XI ��� h � �W� �}�	�,2��W�H���
�� � � �W� � �)%^�b� ��
l��� ��� ? ���:� �P�S� � �YX#�I ,R �YX*"$ V� � �:���*D �I ,R ���#D��� � � � �5��� ��� 9,�����	� X,� ? ��� �Z/ �A�r�&
e��� � . ���>%�����S�^�W� ���	��� ��� ν ∈ (1, 2) � ��� �W� ���=�)%^�W�
N+1∑

i=1

1{|x−Xi| ≤ 2h}(Xi −Xi−1)
3 = o

(
h logν N

N2

) � 9r959P3

%T� � �����x�)%^�w� � � � �*�)%^�w� ����� �Y" �< i� � � � / 
e� / � ? 
l� . ���>% � �����T����� � � �)%^�W� � �&�C"��� � �����H��� � ���x� � �#/ %J
 2���T����	W� �Z/ �w�>%T��� . �q�	�,2s� ��� � �P� �>%T�;� ����� LK′

��� � � �CX��$ ��&�YX*"$ [�P� . ��
�
 �P� L eK′

��� � � �C�*D��� ��
�,. �I�P�����	��� � � ��� �&� �:��%^� �Z/ �s� � ��% � � �>%T� �	��� � � ��� � 
�� � � �>%T� ' %^� � � ��� � ' %^�W�H� � . %02 . ��A���������7��� � � ������
 �P���*� � �>%T� � � � � ��� �0/���� �S�)%J� ��� � ����� ? ��
e���32:%T��� � �

����� � �	� � 	 � � $���� � ��	
f̂N

��¯ � � � ��

� �5�����)%^� ����� � � �&��� ��� � � � ' %T� � � ��� �<�x� � � ��
e� � �����W
�
 ω ∈ Ω �)%^��� � �=Hr� ��� � � ��� �

� � �
? ����� N2(ω) � � ��%q�)%^�W�&� � ��� � 2 x ∈ [0, 1] � � � � � ���W
�
 N ≥ N2(ω)

f̂N (x) ≥ f(x) −
C4(β)

h2

(
logN

N

) 2+β
1+β � 9r9>�r3

. ���)% � �W� ��� � � � C4(β) �5�T� � ���i� � �CB �! �
( � ³,³*)�³*)��o¯ � � � � + �,T(c&g<a&ceur rT)g�akT­pr���¦T(SUS�uid�urf�w�j¨cya � priepr�s�surik_¤��jsf/ckiep`wRg�x�jsfR�

δy = Lf,β δ
β
x , δx ,

(
2Cf logN

fminLf,β N

) 1
1+β

.
� 9r9"�
3

O&P`g�a"¥4��pri)uKf`_
N ≥ N6(ω)

urf�w urf`_
x ∈ [0, 1]

ckP�T(ieT©T��`jma¡ceaX����j�ckP v�ikpL¢�uK¢Rjs�sj¨cd_�prfRTP3Xurf¬jsfLceT(�LT(i
ik ∈ {1, . . . , N}

a¡g�xyP
ckP<u�c
|x−Xik

| ≤ δx
� 9r9(}J3

urf�w
Yik

≥ f(Xik
) − δy .

� 9r9>|r3
VXp��
¥`ckPRT
T>adcej�S�uKckjsprf�T(ieikpLi&uKc�u©v4prjsf/c

x
x(urf
¢4T
T��bv�urf�wbT"w�ura

f(x) − f̂N (x) = [f(x) − f(Xik
)]

� 9r9"~
3

+
[
f(Xik

) − f̂N(Xik
)
] � 9r9Pd53

+
[
f̂N (Xik

) − f̂N(x)
]
.

� 9r9CO
3

O&P�TZceT(ieS jsf�ckPRT
iej��LP/c&P<uKf�w�a¡jmwbT	� 9r9"~53�S�u$_¤¢4T
¢4prgRf�wRT"w�ura���pL���sp���a

|f(x) − f(Xik
)| ≤ Lf,β |x−Xik

|β ≤ Lf,β δ
β
x ,

� 9r9Cy
3

î!î�¹���ÐyÓ����
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uLa&��T"���,uLa�ckPRT)ceT(ieS � 9r9CO53
∣∣∣f̂N(Xik

) − f̂N (x)
∣∣∣ ≤ LbfN

|x−Xik
| ≤ LbfN

δx,
� 9$�K�
3

��j�ckP©u��,jsv�aexyPRj¨ce�ox�pLf�a¡ceuKf/c
LbfN

��pLi,ckP�T���gRf�x�ckjsprf�T>adcej�S�uKckpri
f̂N (x)

�%t�T"S�jsf�w)ceP�u�c
f̂N (Xik

) ≥ YikwRgRT)ckpY� 9$|W3�pri_�;�K�53���O&P`g�a(¥,� 959$|W3�j�SUvR�sjsT"a

f(Xik
) − f̂N (Xik

) ≤ (Yik
+ δy) − Yik

= δy .
� 9$�:9P3

� pLS�¢RjsfRjsfR��uK�s�FckPRT>a¡T
¢4prg�f�wRa&��T­pL¢bceurj�f���ieprS �f959>~53�ckP�uKc&��pri�uK�s�
N ≥ N6(ω)

¥

f(x) − f̂N (x) ≤ δy + Lf,β δ
β
x + LbfN

δx .
� 9$�r�r3

O&P�T(ieT���prieTr¥!uKvRvR�s_`j�f��¬�,T(SUS�u9��uKf�w�akgR¢�a¡ckj�ckgbcej�f��¬T��bvRieT"aea¡jsprf<aX�f959>�53Z��pri
δx
uKf�w

δy
jsf/ckpK� 9$�r�W3

�sT"uLw¤cep�ckPRT
�sp���T"i&¢<pLgRf�w

f̂N(x) ≥ f(x) −
(
2Lf,β δ

β
x + LbfN

δx

) � 9$�K�
3

≥ f(x) −
C4(β)

h2

(
logN

N

) 2+β
1+β � 9$��}J3

��pLi�urf/_�a¡gR£�x(j�T"f/ck�s_��muKie�rT
N
�GadcyuKikckjsfR�
��ieprS ieurf�wbpLS uR� a"�¦��f�j¨ceTXjsfLceT(�LT(i>¥r��PRjmxyP wbp`T"aofRpKc�wbT(v4T(f�w

pLf
x
3D��O&PRT���iea¡c�j�fRT>l/g�uK�sj¨cd_
jsf��G�K}r3!P�uLa%¢<T"T(fUuKvRvR�sjsT"w�P�T(ieT�jsf�pLiewbT"i¦cep­akjsS�v���j���_
ckP�T��sp���T(i%¢<pLgRf�w'�

�¦T(SUS�u�}�jma�vRiep��rT>w'�

����� �
	��
������������� ��	���� �

9L��]`j�f<x�T
|u| = u− 2u1{u < 0}

¥`ckP�T
L1
ªàfRprieS�pK�%T"a¡ckjsS�u�ckjsprf�T"ikiepri&x(urf
¢4T
T��bv�urf�wbT"w�uLa

‖f̂N − f‖1 =

∫ 1

0

[
f̂N (x) − f(x)

]
dx

� 9$�r|53

+ 2

∫ 1

0

[
f(x) − f̂N(x)

]
1

{
f̂N(x) < f(x)

}
dx.

� 9$�K~r3

�R� Q vRvR�s_`j�f��¤�,T(SUS�uraV9
urf�w
��cep�ckPRT
iej��LP/c&P<uKf�w�a¡jmwbTi�f9>�r|53�_/jsT(�mwRa

lim sup
N→∞

h−β

(∫ 1

0

[
f̂N (x) − f(x)

]
dx

)
≤ γ + 4Cα(gmax − 1)Kmax1{β = 1} a.s.

�f9>�
dW3

VXpKceTr¥`ckP<u�c�prf�T­S�u$_�� �
γ = 2Lf,β gmaxCβ(K)

¥b��pri�jsf�a¡ceuKf<x�Tr�
��� �Íf�pLiewRT(i�ckp�pL¢bceurj�f�uUa¡jsSUj��muKi�ieT"akgR��c���pLi&ckPRT)ceT(ieS��f9>�K~W3�¥RfRprckT)ckP<u�cX�,T"SUSUu�}UjsS�v���jsT"a

ζN (x, ω) , ε−1
LB(N)

[
f(x) − f̂N (x)

]
≤ C4(β) <∞ a.s.
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9-y

g�fRj¨��pLikSU�s_¤��j�ckP�ikT>a¡v4T"x�c&ckp�¢4pKckP
x ∈ [0, 1]

uKf�w
N ≥ N2(ω)

¥R��j¨ceP

εLB(N) ,
1

h2

(
logN

N

) 2+β
1+β

.
� 9$�WO
3

gXT(f�x(Tr¥,pLfRT�SUu$_¬urvRvR�s_ µ uKckpLg �sT(SUS�uR¥'cyuK `j�f��
jsf/ckp�urx(x(prgRf/c­ckP�uKc
u1{u > 0}

jma
u
x(prf/ckjsf`gRprg�a"¥
SUpLfRpKceprfRT­��gRf�x�ckjsprf

�

lim sup
N→∞

ε−1
LB(N)

∫ 1

0

[
f(x) − f̂N(x)

]
1

{
f̂N(x) < f(x)

}
dx

� 9$�Wyr3

≤

∫ 1

0

lim sup
N→∞

ζN (x, ω)1{ζN (x, ω) > 0} dx
�f9"�L�r3

≤ C4(β) <∞ a.s.
� 9"�T9-3

}<�9O&P/g<a(¥%ckP�T pr¢RceuKjsfRT>w�ikT"�suKckjsprf�a)cepr�LT�ckP�T(i���j�ckP �f9>�L|W3�urf�wN� 9$�K~53)jsSUvR�s_ �G�L|W3�� O&PRT"prieT(S 9 jsa
v�ikp��LT"w'�

� � �
�ï���������

�Íf�]`gR¢�akT"x�ckjsprf©~��~9o��T�T"a¡ceuK¢���jma¡P©a¡pLS�T�vRieprv4T(ikckjsT"a,ieT(�mu�ceT"w)cep�cePRT�x(prieikT>xDceT"w) rT"ikf�T(�;�%]`gR¢<a¡T>xDckjsprf©~R�º�
v�ikT>a¡T"fLcya,akprSUT�uKg��bjs��jmuKie_X�sT(SUS�ura¦��PRjmxyP
P�u$�rT�¢4T(T(f�g�a¡T>w­ckp�v�ikp��LT�O&P�T(prieT(SM9r� µ jsf�ur���s_r¥$��T�x�pr�s�sT"xDc
jsf¬]`gR¢�akT"x�ckjsprf�~R� �Ua¡pLS�T)�sT(SUS�ura�wbT>wbjmx(u�ceT"w ckpUcePRT
vRiep/pr�!pr�%t�T"SUurik �|`�

����� � ��	�	����*& � �	���#	,���#�
�¦T�c&ckP�T
¢�urakjsxZ rT"ikf�T(�4��gRf�x�ckjsprf

K
¢<T
wbT(��fRT"w�uLa�jsf¬]`T"x�ckjsprf�}R¥�urf�w¤cePRT)¢�uKf<wb��jswbckP

h ∈ (0, 1/2)
�

t�T(SUj�f<w cePRT
T"a¡ckjsS�u�cepri
f̂N
wbT(��fRT>w
jsf[�G|53&uLa���pr�s��p���a

�




f̂N (x) =
N∑

i=1

αiKh(x,Xi)

αi ≥ 0, i = 1, . . . , N,

� 9>�L�r3

��P�T(ieTZcePRT
 rT"ikf�T(�4��gRf�x�ckjsprf

Kh(x, t) = h−1K((x− t)/h) ∀x ∈ (h, 1 − h)
�f9"�r�
3

��P�j��sT

Kh(x, t) = h−1K((x− t)/h)

(∫ x/h

−1

K(t) dt

)−1

∀x ∈ [0, h]
� 9>�K}
3

urf�w

Kh(x, t) = h−1K((x− t)/h)

(∫ 1

(x−1)/h

K(t) dt

)−1

∀x ∈ [1 − h, 1] .
� 9"�/|53
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�r� � ��� ��������� ��� �������
	W�����w��
�� �

O&P`g�a"¥'cePRT� rT"ikfRT"�%��gRf�xDcej�pLf
Kh(x, t)

jma�wbT(��fRT>w¬��pLi�uKf`_
(x, t) ∈ [0, 1] × R

¥!uKf<w¬cePRT�T"a¡ckjsS�u�ckpLi
�f9"�/�W3�jma�wbT���f�T"w���pLi�urf`_

x ∈ [0, 1]
�`jmu
cePRTZ LT(iefRT(�

Kh(x, t)
x�prieieT"xDceT"w�uKc�cePRT��¡¢4prgRf�w�uKiej�T>a��K� p fRT

S�u$_¤T>urakj��s_�pr¢<a¡T"ik�LTXceP�u�c
∫ 1

0

Kh(x, u) du = 1 ∀x ∈ [0, 1]
�f9"�L~r3

urf�w'¥Rx(prf�akT"l/gRT"fLce��_L¥RwbgRT)cep�T��RxyP�uKfR�Lj�f���cePRT
j�f/ceT(�riyuK�'urf�w
ckPRT�wbT"ikjs��u�cej��LTr¥
∫ 1

0

∂

∂x
Kh(x, u) du = 0 ∀x ∈ [0, 1]

�f9"�JdW3

VXpKceTr¥bceP�u�cXT>l/g�u�cej�pLfs�f9"�
dW3�SUu$_�uK�ma¡pU¢4T
�rT"ikj���T"w�wbjsieT"xDce��_L� µ pLi�j�f<adcyuKf�x(Tr¥RpLf
cePRT��sT��ËcX¢4prg�f�wRuKie_r¥
j;� Tr����pri

x ∈ [0, h]
¥b��T)P�u$�LT

Kh(x, t) = h−1K((x− t)/h)g(x) , g(x) =

(∫ x/h

−1

K(t) dt

)−1

.
� 9>�5O
3

�ZT(f�pKckjsfR�

K̃h(x, u) =
∂

∂x
Kh(x, u) ,

� 9>�5yr3
��T­ckP`g�a�P<u$�rT

g′(x) = −

(∫ x/h

−1

K(t) dt

)−2

h−1K(x/h) = −g2(x)h−1K(x/h)
� 9"}L�r3

urf�w

K̃h(x, u) = h−1K((x− u)/h)g′(x) + g(x)h−2K ′((x− u)/h)
� 9(}a9-3

= g(x)h−1

(
h−1K ′

(
x− u

h

)
−K

(
x− u

h

)
Kh(x, 0)

)
.

� 9"}/�r3

gXT(f�x(Tr¥bcePRT)j�f/ceT(�riyuK�
∫ 1

0

K̃h(x, u) du = −
g2(x)

h2
K
(x
h

)∫ 1

0

K

(
x− u

h

)
du+

g(x)

h

[
−K

(
x− u

h

)]u=1

u=0

� 9"}L�
3

T>l/g�uK�ma��"T(iep9��pri
x ∈ [0, h]

� Q a¡jsSUj��muKi©vRiep/pr��S�js�rP/c�¢<T�ikT"v<T>u�ceT"w���pLi
x ∈ [1 − h, 1]

� µ j�f<uK�s��_L¥
T>l/g�uK�sj¨cd_ � 9"�L~W3�PRpr�mwRa&ceikg�TZ��pLi�uK�s�

x ∈ (h, 1 − h)
ckp`p�¥Rakjsf�x�T

g(x) ≡ 1
p��rT(i�cePRjsa�j�f/ckT"ik��ur�G�

�Íf���P�uKc&��pr�s��p���a"¥b��T)g�akT)SUprieT­�LT(fRT"ieur�4��prieS�gR�muraV�G|r33�$�§~r3�jsf�a¡ckT>urw
pK�b� 9"�rOW3D¥bceP�u�c�jma

Kh(x, t) = h−1K((x− t)/h) g(x) , g(x) =

(∫ x/h

(x−1)/h

K(t) dt

)−1

, x ∈ [0, 1] .
� 9"}r}
3
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L1 � �������	��

��� ��� �����������������	����� ���
�^9

O&P�T(ieT���prieTr¥buLa���pr�s��p���a���ieprS �f9"�ry53D¥"�f9(}L}53���pri�uKf`_
x ∈ [0, 1]

¥

K̃h(x, u) = h−1K((x− u)/h)g′(x) + g(x)h−2K ′((x− u)/h)
� 9(}`|53

=
g(x)

h

(
1

h
K ′

(
x− u

h

)
+K

(
x− u

h

)
(Kh(x, 1) −Kh(x, 0))

)
.

� 9"}L~
3

O&P�TZ��pL���sp���jsfR���,T(SUS�u�vRiep��rT"a&�¦j�v�aexyPRj�ck�(ª;�sj� LT­x(prf�a¡ceurf/cea&jsf[�f9"�JdP3&uKf�w[�§~T9C33�$�§~/�W3D�
��¯ � � � � 9"��� 	r��� � ��
 Kh

�r�7� � � �;� � ���� ,R ���� ��	�������w�)%^�i���A� � � �&��� ��� � 

�,R�
QB,�V� � �Y�>%T� ? � � � �
. � �W�>% h ∈ (0, 1/2) � 9,��� K̃n

? � �5�T� � � � ? 2 ���<B#XI �&' %^� � �)%^�S� � 
�
 �<. � �Z/ � �r�^��� ? � �:� �P�
% � 
 ����� � � 4
∣∣∣K̃h(x, u)

∣∣∣ ≤ gmaxh
−2
(
LK + gmaxK

2
max

)
,

� 9"}Jd53

∣∣∣∣
∂

∂u
K̃h(x, u)

∣∣∣∣ ≤ gmaxh
−3L eK ,

∣∣∣∣
∂2

∂u2
K̃h(x, u)

∣∣∣∣ ≤ gmaxh
−4L eK′

,
� 9"}rO
3

. %T���A� L eK = LK′ + LK gmaxKmax
� � � L eK′

= LK′′ + LK′ gmaxKmax �Q� � � � � �P�����
∣∣∣∣
∂3

∂x3
Kh(x, u)

∣∣∣∣ ≤ gmaxL eK′′
h−4 � 9"}ry
3

. %T���A�

L eK′′
= gmax

[
LK′′ + 3LK′Kmaxgmax + 3LKgmaxK

2
max (1 + 3gmax)

� 9$|K�
3
+ (L2

K + 2g2
maxK

4
max)(1 + 2gmax)

]
.

� 9$|:9P3

( � ³,³*))³ ) ��¯ � � � � + O&PRT�gRvRv4T(i)¢<pLgRf�wh� 9(}:d�3���pr�s��p���a­wbjsikT>xDck�s_���ikpLS � 9(}`|W33�$� 9"}L~53�� µ gRikckPRT"i¡ª
SUpLikTL¥`ceuK `jsfR�q� 9(}`|W3D¥,� 9(}/~53�jsfLcep�urx(x(prgRf/c>¥bprfRT)T"uLa¡js�s_¤S�u$_ x�pLS�T­cepq�f9"�Jd�3&a¡jsf�x(T

∣∣∣∣
∂

∂u
K̃h(x, u)

∣∣∣∣ ≤ gmaxh
−3 (LK′ + LK gmaxKmax) = gmaxh

−3L eK ,
� 9$|r�r3

urf�w'¥Rakj�SUjs�surik�s_r¥
∣∣∣∣
∂2

∂u2
K̃h(x, u)

∣∣∣∣ ≤ gmaxh
−4 (LK′′ + LK′ gmaxKmax) = gmaxh

−4L eK′ .
� 9$|K�
3

î!î�¹���ÐyÓ����



�L� � ��� ��������� ��� �������
	W�����w��
�� �

Y¬prieT(p��rT"i"¥/prf�T­S�u$_ x(prf/ckjsf`gRT
x(ur�sx(gR�suKckjsprf
pK�%��gRi¡cePRT(i�wRT(iej���u�cej��LT"a���ieprS �f9"�ry533�$� 9(}/~W3&ura���pL���sp���a
�

∂2

∂x2
Kh(x, u) = g′(x)h−1

(
h−1K ′

(
x− u

h

) � 9$|�}J3

+K

(
x− u

h

)
(Kh(x, 1) −Kh(x, 0))

) � 9$|r|r3

+ g(x)h−1

(
h−2K ′′

(
x− u

h

) � 9$|K~
3

+h−1K ′

(
x− u

h

)
(Kh(x, 1) −Kh(x, 0))

� 9$|rdW3

+K

(
x− u

h

)(
∂

∂x
Kh(x, 1) −

∂

∂x
Kh(x, 0)

)) � 9$|WO
3

urf�w

∂3

∂x3
Kh(x, u) = g′′(x)h−1

(
h−1K ′

(
x− u

h

) � 9$|Wy
3

+K

(
x− u

h

)
(Kh(x, 1) −Kh(x, 0))

) � 9>~r�
3

+ 2g′(x)h−1

(
h−2K ′′

(
x− u

h

) � 9>~^9P3

+h−1K ′

(
x− u

h

)
(Kh(x, 1) −Kh(x, 0))

� 9>~L�53

+K

(
x− u

h

)(
∂

∂x
Kh(x, 1) −

∂

∂x
Kh(x, 0)

)) � 9>~r�
3

+ g(x)h−1

(
h−3K ′′′

(
x− u

h

) � 9>~K}J3

+h−2K ′′

(
x− u

h

)
(Kh(x, 1) −Kh(x, 0))

� 9>~L|53

+ 2h−1K ′

(
x− u

h

)(
∂

∂x
Kh(x, 1) −

∂

∂x
Kh(x, 0)

) � 9>~r~
3

+K

(
x− u

h

)(
∂2

∂x2
Kh(x, 1) −

∂2

∂x2
Kh(x, 0)

))
.
� 9>~
d53
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Y¬prieT(p��rT"i"¥L��ieprS �f9(}r}
3�ckPRT
wbT"ikjs��u�ckjs�rT>a���pr�s��p��

g′(x) = g2(x)h−1

(
K

(
x− 1

h

)
−K

( x
h

))
,

� 9>~5O
3

g′′(x) = 2g(x)g′(x)h−1

(
K

(
x− 1

h

)
−K

( x
h

)) � 9>~5y
3

+ g2(x)h−2

(
K ′

(
x− 1

h

)
−K ′

( x
h

))
,

� 9�d��
3

cePRT(ieT���pLikTL¥

|g′(x)| ≤ g2
maxKmaxh

−1 ,
� 9�dJ9P3

|g′′(x)| ≤ g2
max

(
LK + 2gmaxK

2
max

)
h−2 .

� 9�dK�r3

µ jsf�uK�s�s_r¥�g�a¡jsfR�ïckP�T9¢<pLgRf�wRa �f9Pd:9C33�$� 9Pdr�W3�jsf1�f9>|5yW33���f9"~Jd�3UuKf�w«cePRT¬wbT��<fRj¨cej�pLf pK�
K̃h

�f9(}L}r3���T
urikiejs�rTZuKc�ckPRT
¢4prg�f�w[�§~^9-33���G~L�W3

�

h4

∣∣∣∣
∂3

∂x3
Kh(x, u)

∣∣∣∣ ≤ g2
max

(
LK + 2gmaxK

2
max

) (
LK + gmaxK

2
max

) � 9�d��
3

+ 2g2
maxKmax (LK′ + LKgmaxKmax

� 9�d$}J3

+ Kmaxh
2 max

x,u
|K̃h(x, u)| )

� 9�dK|53

+ gmax(LK′′ + LK′gmaxKmax + 2LKh
2 max

x,u
|K̃h(x, u)|

� 9�d�~r3

+ Kmaxh
3 max

x,u
|∂ K̃h(x, u)/∂x| )

� 9PdrdW3

≤ gmax [LK′′ + 3LK′gmaxKmax
� 9�d�O
3

+ 3LKgmax

(
LK +K2

maxgmax

) � 9�d�y
3

+ Kmaxg
2
max

(
3KmaxLK + 2K3

maxg
2
max

)] � 9-Or�
3

= gmax

[
LK′′ + 3LK′Kmaxgmax + 3LKgmaxK

2
max (1 + 3gmax)

� 9-O^9P3

+ (L2
K + 2g2

maxK
4
max)(1 + 2gmax)

]
.

� 9-OL�r3
gXT(ieT©��TUuKvRvR�sjsT"w9cePRTUgRvRv4T(i)¢4prgRf�w � 9"}JdP3­ura­��T(�s�2uraXckPRTUprf�Tr¥F��pr�s�sp���T>w���ikpLS � 9"}/|W3Y��� 9"}L~W3­uKf<w
�f9>|K}r33�$� 9>|5OW3

�

h3 max
x,u

∣∣∣∣
∂

∂x
K̃h(x, u)

∣∣∣∣ ≤ g2
maxKmax

(
LK + gmaxK

2
max

) � 9-Or�
3

+ gmaxh
−3 (LK′ + LKgmaxKmax

� 9-OK}J3
+Kmaxgmax

(
LK +K2

maxgmax

))
.

� 9-OL|r3
�¦T(SUS�u�|�jma�vRiep��rT>w'�
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����� � $�����������	 � �'�#��� � " ���
O&P�TZ��pL���sp���jsfR�UikT>a¡gR��cea�urikT­vRiep��rT>w¤PRT"ikT­��pri&cePRT�aeuK rT)pr�%x�pLSUvR��T(ckT"fRT"aea(�
��¯ � � ��� 9"���@� �:� ����� ��� f : [0, 1] → R

�	�A�����_�>%T�	�P��� � � ����� �W� MO�q� � �i����1 � � � �A� (Xi)i=1,...,N? � � ? � �W� � � �;��� � � � � � � �r� �T� � �5� � �X����� �&
l� . ���>%[� � � � � � f(x)/Cf
? 2K� � ��� ������� � � �5����� �Z/ � � �� ��

. %T���A� Cf
� � �5�T� � ��� ? 2��CB$ ��� � ��� � � X0 = 0 � � � XN+1 = 1 �(' %^� � � � �i� � 2 � � ��� �A� �W� ��� � � �

CX > 4Cf/fmin
�)%^��� ���=Hr� ������
�� � ���S� � � ��
82�� � ��� � � � � ? ��� N0 = N0(ω) � � �=%Y�>%T���

max
i=1,...,N+1

∆Xi ≤ CX
logN

N
∀ N ≥ N0

� 9-Or~
3

. ���)%���� � ? � ? ��
e���32P� �
	 � �*� � ��� � � ���$� ��� �w�	�,2���HP� ��� ��� � � � CX
�P� � � 
�
 �<. �I4

CX = 5fmax/fmin .
� 9-O
d53

( � ³,³*)&³ ) ��¯ � � ��� + �ÍfLceikpbwbg<x�T)u�gRfRj���prieS v�uri¡cej¨cej�pLf pK�¦ckPRT)jsfLceT(ie��uK�
[0, 1]

prf/ckp
mN

a¡gR¢�j�f/ckT"i¡ª
��ur�sa

∆k
��j¨ceP�T"l/g�uK�,�¦T(¢4T"ak�rgRT)SUT"uLa¡g�ikT>a

`(∆k) , 1/mN ≤ CX logN/(2N) , k = 1, . . . ,mN ,
� 9-O5O
3

��P�T(ieT)akjs�(T)pK��v�uKikckj�ckjsprf

mN , min{integer m : m ≥ 2N/(CX logN)}
� 9COryr3

≤ 1 +
2N

CX logN
≤

(2 + ε)N

CX logN

� 9-yr�
3

��pLi�uKf�uKie¢Rj�ckiyuKie_
ε > 0

uKf<w ��pLi�uKf`_¤akgb£¤x�jsT(f/ck�s_ �muKie�rT
N
� g�T"f�x�TL¥`ckPRT
T"�rT"fLc

AN , {ω : max
i=1,...,N+1

∆Xi ≤ CX logN/N}
� 9CyT9-3

⊇

mN⋂

k=1

[
N⋃

i=1

{Xi ∈ ∆k}

]
.

� 9-yL�r3
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pbx"x�gRi�pLfR��_¤��fRj�ckT
f`gRS�¢4T(i�pr�!cej�SUT>a*����j�ckP9vRiepr¢�ur¢Rjs��j�cd_Y9-3�� ! �`jswbT"f/ck�s_r¥

P (Ac
N ) ≤

mN∑

k=1

P

(
N⋂

i=1

{Xi /∈ ∆k}

)
� 9-yr�
3

=

mN∑

k=1

N∏

i=1

(
1 −

∫

∆k

C−1
f f(u) du

) � 9-yK}J3

≤ mN

(
1 −

fmin

Cf

· `(∆1)

)N � 9-yL|r3

≤
(2 + ε)N

CX logN
exp

{
−

fminCX

(2 + ε)Cf

· logN

}
� 9-yr~
3

= O
(
N1−fminCX/((2+ε)Cf )

)
.

� 9-y
d53

gXT(f�x(Tr¥Kx(prf�wbj�ckjsprf
CX > 4Cf/fmin

jsSUvR��jsT"a¦ckP�T�T��`jma¡ckT(f<x�T�pr�Rv<p/a¡j�ckjs�rT
ε
T"f�akgRikjsfR��cePRT�x(prf`�rT"ik�LT(f�x(T

pr�%akT(iej�T>a
∞∑

N=1

P (Ac
N ) <∞ ,

� 9-y5Or3

urf�wUcePRT
��prieT(� � � urf/ckT(�s�sjR��T"SUSUu©uKvRv���jsT"a"�2V�pKceTr¥/ckP<u�c�T"�rT"fLcya ⋂N
i=1 {Xi /∈ ∆k}

wRp�fRprc�wbT"v<T"f�w¤pLf
ieT(f`gRS©¢<T"ikjsfR�
pK�

(Xi)i=1,...,N
��PRjsxyP7��T>urw¬ckpv� 9-yK}r3���ikpLS � 9-yr�W3 �¦SUprieT(p��LT(i>¥<��T©P<u$�rT�g<a¡T>w ¢4pKceP

wRT���fRj�ckjsprfv�f9CO5yW3&urf�w�j�f�T"l/g�uK�sj�cd_
1 − x ≤ e−x ckP�T(ieT­jsfv� 9-yL|W3Y��� 9-yr~W3��o�,T"S�S�uU~�jsa�vRikp��LT"w'�

��¯ � � ��� 9"���X� � � � � � ����� �&
l� {(Xi, Yi) | i = 1, . . . , N}
? � �5�T� � ��� �P� � � � ������� �W� � � 9,���

����1 � � � �A� δx = δx(N)
? �b� � �������>�����b� � � � � �V� � �H� ε > 0

lim inf
N→∞

N1−εδx > 0 .
� 9-y5yr3

� �T� � �
mδ , min{integer m : m ≥ δ−1

x }
�G�r�r�
3

� � �Y���A� � �	�	�w� � �������>���H����1 � � � ��� δy = δy(N) < fmin
�	�A����� �Z/ � � �i�W
�
,� ��� ����� � ��
82;
~��� / � N �)%^�

� � ��1 � �W
e���T2
δy ≥ κmδ

logN

N
, with κ >

(2 − ε)Cf

fmin
.

�G�r�^9P3

' %T� � � �:� �5���Y�>%T� ���A� � � �&��� ��� � � �A9"���X�H� ��� . ���>%s�&� � ? � ? ��
e���T2;���H�>%T���A� �=Hr� ����� � � ��� � � � � ? ���
N6(ω) � � �=%_�)%^���W� � ��� � 2 N ≥ N6(ω) �)%^��� ��� � � � ��%w� � � ? ����� � ��� � � � ��� {(Xik

, Yik
) , k = 1, . . . ,mδ}� � �>%T�V����� �&
l� {(Xi, Yi) , i = 1, . . . , N} �x�>%T���S�>%T�x� � 
�
 �,. � �0/ � � ��1 � �W
e����������% � 
 �*4

(k − 1)/mδ ≤ Xik
< k/mδ , f(Xik

) − δy ≤ Yik
≤ f(Xik

) .
�G�r�L�r3
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cePRT)j�f/ceT(ie�$ur�

[0, 1]
pLfLcep�a¡gR¢�j�f/ckT"ik��ur�sa

[(k − 1)/mδ, k/mδ]
¥
k = 1, . . . ,mδ

��Y9pLikT"p��rT(i>¥rjsf/ckiepbwbg�x�T
cePRT
ieT(�mu�ckT>w
akgR¢�akT�cya&j�f

R
2

∆k , {(u, v) : (k − 1)/mδ ≤ u ≤ k/mδ , f(u) − δy ≤ v ≤ f(u)} , k = 1, . . . ,mδ .
�G�r�r�
3

gXT(f�x(Tr¥bcePRT)T(�LT(f/c

AN , {ω : ∀ k = 1, . . . ,mδ ∃ i = 1, . . . , N : (Xi, Yi) ∈ ∆k}
�G�r�K}J3

=

mδ⋂

k=1

[
N⋃

i=1

{(Xi, Yi) ∈ ∆k}

]
.

�G�r�L|r3

�&uLa¡jsfR�
prfU��pLikT"�8� � uKf/ckT"���sjR�sT(SUS�u
��TXvRiep��rT&ceP�u�c�ckPRT­x�prSUvR�sT(SUT"fLcyuKie_©T"�rT"fLc
Ac

N , Ω \AN

S�u$_
pbx"x�gRi�pLfR��_¤��fRj�ckT
f`gRS�¢4T(i�pr�!cej�SUT>a*����j�ckP9vRiepr¢�ur¢Rjs��j�cd_Y9-3�� ! �`jswbT"f/ck�s_r¥

P (Ac
N ) ≤

mδ∑

k=1

P

(
N⋂

i=1

{(Xi, Yi) /∈ ∆k}

)
�G�r�r~
3

=

mδ∑

k=1

N∏

i=1

(
1−

∫

∆k

C−1
f f(u) du dv

) �G�r�
d53

≤ mδ

(
1 −

fmin

Cf

·
δy
mδ

)N �G�r�5O
3

≤
(
1 + δ−1

x

)
exp

{
−
fminκ

Cf

· logN

}
�G�r�5y
3

= O
(
N1−ε−fminκ/Cf

)
.

�G�^9"�
3

gXT(f�x(Tr¥�x(prf�wRj¨cej�pLf
κ > (2 − ε)Cf/fmin

jsSUvR�sj�T>a

∞∑

N=1

P (Ac
N ) <∞ ,

�G�^959-3

urf�w
prfRT)S�u$_ uKv�vR��_U��pLikT"�8� � uKf/ckT"���sjF��T"SUSUu����,T"S�S�uid�jsa�vRikp��LT"w'�

� ³ � ³   §�b� ° E 9,��� δx � � � δy �	�A��� �>%T�N� �W� �W����� �W� � � ��9,���X�H�K� �U' %^� � � . ���>%	��� � ? � ? ��
e���32G�,�&� � �� � 2 N ≥ N6(ω) � � �V� � 2 x ∈ [0, 1] �)%^��� �b�=Hr� ����� � � � � / ��� ik ∈ {1, . . . , N} � � ��%w�>%T��� |x−Xik
| ≤ δx� � � f(Xik

) − δy ≤ Yik
≤ f(Xik

) �
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��¯ � � � � 9"����� �:� ����� �W� g : [0,∆] → R
? �_� . �7���:� �W� ��� � �T��� � �W� � ���A� � ����� ? 
~�$� ∆ > 0 �:' %^� �

max
x∈[0,∆]

|g(x)| ≤ max{|g(0)|, |g(∆)|} +
∆2

8
max

x∈[0,∆]
|g ′′(x)| .

�G�^9>�53

( � ³,³*)­³ )
�o¯ � � � � + �ZT(fRprckT
ḡb = max{|g(0)|, |g(∆)|}

� �àc­akgb£¤x�T>a�ckp vRikp��LT)ckPRT�x(uLa¡T���P�T(ieT
u�v4prjsf/c

x1 ∈ (0,∆)
T��bjsa¡cea&��j�ckP

|g(x1)| = max
x∈[0,∆]

|g(x)| > ḡb .
�G�^9"�
3

O&P�T(f
g ′(x1) = 0

¥Rurf�w ��pri�uKf`_
x ∈ [0,∆]

g(x1) = g(x) −

∫ x

x1

dt

∫ t

x1

g ′′(u) du .
�G�^9(}
3

O&P�T(ieT���prieTr¥`vRgRc¡ckjsfR�
x = ∆

prf�T­pL¢bceurj�f<a���ikpLS��;�:9(}53

|g(x1)| ≤ |g(∆)| +

∫ ∆

x1

dt

∫ t

x1

|g ′′(u)| du ≤ ḡb +
(∆ − x1)

2

2
max

x∈[0,∆]
|g ′′(x)| .

�G�^9>|53

]bj�SUjs�surik�s_r¥`���bjsfR�
x = 0

ckP�T(ieT
j�fv�;�:9(}53��sT"uLwRa�ckp

|g(x1)| ≤ |g(0)| +

∫ x1

0

dt

∫ t

x1

|g ′′(u)| du ≤ ḡb +
x2

1

2
max

x∈[0,∆]
|g ′′(x)| .

�G�^9"~r3

O&P`g�a"¥Rx�pLS�¢RjsfRjsfR�Y�G�^9>|W3&urf�w �;�:9>~53���T
urikiej��LT­uKc

|g(x1)| ≤ ḡb +
1

2
min{(∆ − x1)

2, x2
1} max

x∈[0,∆]
|g ′′(x)| .

�G�^9PdW3

]bj�f�x(T
max

x∈[0,∆]
min{(∆ − x)2, x2} =

∆2

4
,

�G�^9CO
3

cePRT�wbT>a¡jsikT>w jsfRT>lLg<uK�sj¨cd_ �;�:9$�W3o��pr�s��p���a&jsSUS�T>wbjmu�ckT"��_ ��ikpLS �G�^9"�53�¥"�G�^9PdP3Y���G�^9CO53��

����� � $�����������	 � �'�#��� � " ��� �
�¦T(SUS�uHy�a¡ceuKckT>a�ckPRT
ieT"akgR��cea�uKf�fRprgRf<x�T"w
jsf
cePRT�t�T"SUurik �|`¥<]`gR¢<a¡T>xDckjsprf9|b�º�`�
��¯ � � ��� 9"��� � � � ? ����� hN

� � ��� � � � �������>���}���=1 � � � ����� �&�W� � � � ��� ���P��� �0/ � � � N ≥ N1
� � �w�	����� �� �0/ � �W� ������� ���

hN−1

hN
≤ 1 +

κ

N
∀N ≥ N1

�G�^9Cy
3

î!î�¹���ÐyÓ����



�5O � ��� ��������� ��� �������
	W�����w��
�� �

. ���)% � � ��� ����� � �������>�P�N� ��� ��� � � ��� κ � � � N1
� � �	� � �=%Y�>%T���

lim
N→∞

logN

NhN
= 0 .

�G�L�K�r3

' %T� � � �:� �r���w�>%T�	�P��� � � ����� �W� � � � 9"���X�H� ��� �P� N → ∞ �&� � �H� � ��� ? �����A����2 ν > 1 � � �}� � �X� � 2
x ∈ [0, 1]

SN ,

N+1∑

i=1

(∆Xi)
3
1{|x−Xi| ≤ 2hN} = o

(
hN logν N

N2

)
a.s.

�G�L�:9-3

. %T���A� o(·) � � ��� �&� � �r� �T� � � �W� x �
( � ³,³*)�³*)��o¯ � � � � +
9L� t�T"S�jsf�w�ceP�u�c©ckPRT�a¡T>l/gRT(f�x(T¤pK��iyuKf<wbprS v<pLj�f/cya

(Xi)
jma�pL¢bceurj�f�T"wï��ieprS ckP�uKc©pr��jG� jG� w'�¬��j�ckP

cePRT¬v,� w'� �d�
f(·)/Cf

��pLi
Xi
¢`_ cePRT(jsi jsf�x(ikT>urakT�pLiewRT(iej�fR�<� µ g�i¡cePRT(ieSUprieTr¥

∆Xi , Xi − Xi−1
¥

X0 = 0
¥!urf�w

XN ≡ 1
� �Íf/ceikpbwbg�x(T

σ
ªàur���LT(¢Riyura

FN , σ{X1, . . . , XN}
�
O&P`g�a"¥

(SN ,FN )
jsa�u

f�prfbªàfRT(�/u�cej��LT�a¡ckpbxyP�uLadcejsxUakT"l/gRT(f<x�Tr�
�,T�c©g�a�wbT"fRpKceT
X
cePRT¤fRT"� v4prjsf/cj��PRT"f�x�TL¥!jsf�wbT"v<T"f�wbT(f/c�pr�

FN
3%��PRT(f�v�uLakakj�f�����ieprS

SN
cep
SN+1

� � j¨ceP©cePRT"akT�fRpKcyu�ckjsprf<a%urf�w�wbgRT�ckp­ckP�T�T"�`jswbT"f/c%jsfRT"l/g�ur��j�cd_

1{|x−Xi| ≤ 2hN+1} ≤ 1{|x−Xi| ≤ 2hN}

pLfRT)S�u$_¤��ikj�ckT

E(SN+1|FN) ≤ E





N+1∑

j=1

1{X ∈ [Xj−1, Xj)} ·




N+1∑

i6=j

(∆Xi)
3
1{|x−Xi| ≤ 2hN}

�G�L�r�r3

+
(
(X −Xj−1)

3
1{|x−X | ≤ 2hN}

�G�L�K�
3

+(Xj −X)31{|x−Xj | ≤ 2hN}
)

 |FN





�G�L��}J3

≤ SN −
N+1∑

j=1

1{|x−Xj | ≤ 2hN}E {1{X ∈ [Xj−1, Xj)}
�G�L�r|53

·
[
(∆Xj)

3 − (X −Xj−1)
3 − (Xj −X)3

]
|FN

} �G�L�K~
3

+

N+1∑

j=1

E
{
(X −Xj−1)

3
1{X ∈ [Xj−1, Xj)} (1{|x−X | ≤ 2hN}

�G�L�rd53

−1{|x−Xj | ≤ 2hN}) |FN

}
.

�G�L�WO
3
�R��O&PRT���iyadc)fRT"T"w¬f�p��zjsa­cep
T"��uK�sg�u�ceT�cePRT�x�prf<wbj¨cej�pLf�uK��T��`v4T"x�ceuKckjsprf jsf �G�r�L|�33�$�G�r�r~53D� Q a¡jsSUvR��T
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ur���LT(¢Riyura�jsS�v���_

(∆Xj)
3 − (X −Xj−1)

3 − (Xj −X)3 = 3(X(Xj +Xj−1) −X2 −XjXj−1)∆Xj

��P�jsxyP¤jma�f�prfbªàfRT(�/u�cej��LT&��pri&uKf`_
X ∈ [Xj−1, Xj)

��O&P�T(ieT���prieTr¥LckP�TX¢4prgRf�wRj�fR����ikpLS ¢4T(�sp����sT"urw�a2ckp

E
{
1{X ∈ [Xj−1, Xj)}

[
(∆Xj)

3 − (X −Xj−1)
3 − (Xj −X)3

]
|FN

} �G�L�Wy
3

= 3∆Xj

∫ Xj

Xj−1

f(x)

Cf
(x(Xj +Xj−1) − x2 −XjXj−1) dx

�G�r�r�r3

≥
fmin

2Cf
(∆Xj)

4 .
�G�r�^9P3

]bgR¢�a¡ckj�ckgbcej�fR��ckp;�G�r�L|W33�$�G�L�K~53ouKf�w�urvRvR�s_/jsfR� �ÍT(f�akT(f � a�jsfRT>lLg<uK�sj¨cd_©��pri�ckPRT­x�pLf/�LT��©��gRf�xDcej�pLf
ψ(s) ,

s4/3 ¥
(

SN

#{|x−Xj | ≤ 2hN}

)4/3

≤

∑N+1
j=1 1{|x−Xj | ≤ 2hN} (∆Xj)

4

#{|x−Xj | ≤ 2hN}
,

�G�r�L�r3

�sT"uLw¤cep

E(SN |FN−1) ≤ SN−1 −
fmin

2Cf

S
4/3
N−1

(NqN )1/3
+ rN

�G�r�r�
3

��P�T(ieT

qN ,
1

N

N∑

j=1

1{|x−Xj | ≤ 2hN−1} = O(hN−1) ,
�G�r�K}J3

urf�w
rN
wbT"fRpKceT"a�cePRT
ikT"�suKckT>w
akgRS jsfv�G�L�rd�3Y���G�L�WOW3�¥bckP�uKc�jsa

rN ,

N∑

j=1

E
{
(X −Xj−1)

3
1{X ∈ [Xj−1, Xj)} (1{|x−X | ≤ 2hN−1}

�G�r�L|r3

−1{|x−Xj | ≤ 2hN−1}) |FN−1

}
.

�G�r�r~
3

VXpKceTr¥/ckP�uKc�pLfRTXS�u$_�wbT(��fRT
0/0 , 0

ckp�ceikT>u�c�ckPRT)x(uLa¡TZpK�¦�"T(iep�wbT(f�prSUj�f<u�ckpLiea�ckPRT"ikTZj�fs�;�K�L�53D¥/��pri
jsf�a¡ceurf�x�TL�
O&PRT�¢4prgRf�w

O(hN )
��pLi

qN
adcyu�ckT>w jsf��;�K�K}
3�jma�vRikp��LT"w�¢4T(�sp���jsf«�,T"SUSUun959K� �Íf priywbT"i�ckp

¢4prg�f�w
rN
��ieprS uK¢4p��rT
prf�T�S�u$_
T>urakj��s_�akT(T�ckP�uKcXckP�T©wbj~�4T"ikT"f�x�T�¢<T(cd��T"T(f9cePRT�cd��p�j�f<wbjsx"u�cepriya�jsf

�;�K�/|W33�$�G�K�L~W3!jsa�v4pLakj¨cej��LT�j~��ckP�T��<iea¡c2pK��cePRT(S T"l/g�uK�ma
1
��P�j��sT�ckPRT�akT"x�pLf�w�wRp/T>a

0
� �ZgRT�ckp
�¦T(SUS�uZ~

urf�w7ckPRT�v�ikpLv<T"i¡cd_n�;�r�r�53D¥%jG� Tr�
logN/(NhN) → 0

¥,cePRjma�S�u$_ uK�sSUpLa¡c�a¡g�ikT"��_ urikjmakT�pLfR�s_¬��pri�ckPRT
��pL���sp���jsfR�UT(�rT"f/cw�Ë��pri�urf`_
akgb£¤x�jsT(f/ck�s_ �muKie�rT

N
3
� x− 2hN−1 ≤ Xj−1 < X ≤ x + 2hN−1 < Xj

�
�­js�rT"f#u�akT"l/gRT"f�x�T

(Xi)
¥!ckP�jsa�T(�rT"f/c
urikjmakT"a)prf���_9��pLi�prf�T

j
¥�aku$_

j = j0
¥!��PRjmxyP�wRT(v4T(f�wRa�prf

x
�
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O&P`g�a"¥

rN ≤

∫ Xj
0

Xj
0
−1

(u−Xj
0
−1)

3 f(u)

Cf
du ≤

fmax

Cf
max

i=1,...,N+1
(Xi −Xi−1)

4 �G�r�
d53

= O
(
(logN/N)

4
)
,

�G�r�5O
3

��j�ckP�fRpLfbªàieurf�wbprS
O(·)

¢4T(jsfR�Ujsf�wbT(v4T(f<wbT(f/cXpr�
x
¥R��ikpLS��,T"SUSUuU~R�
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O&P`g�a"¥bjsfRT"l/g�ur��j�cd_ �G�r�r�53&urf�w ckPRT�xyPRpLjsx(T
aN−1 , a3qN/N

2 ��j¨ceP a > 0
�sT"uLw¤cep

E(SN |FN−1) ≤ SN−1 −
2fmin

3Cf

(
aN−1

NqN

)1/3

SN−1 +
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µ
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dNhN

N1+p
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